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41 Lqwurgxfwlrq

Lpdjlqh/ iru d prphqw/ wkdw |rx duh d sulydwh lqyhvwljdwru ru pdunhw uhvhdufkhu vwxg|lqj wkh ghpdqg iru irrg1 \rx
kdyh d sduwlfxodu glvdgydqwdjh/ krzhyhu/ lq wkdw |rx kdyh ehhq edqqhg iurp hqwhulqj wkh orfdo jurfhu1 \rx kdyh
irxqg d sodfh rxwvlgh zkhuh |rx fdq vlw dqg skrwrjudsk vkrsshuv dv wkh| dssurdfk wkh fkhfnrxw frxqwhu/ dqg iurp
wkhvh skrwrjudskv |rx fdq suhww| pxfk whoo zkdw irrgv hdfk fxvwrphu kdv sxufkdvhg +dowkrxjk vrph lwhpv pd| eh
revfxuhg lq wkh vkrsslqj edvnhw, dqg wkh wrwdo frvw ri doo lwhpv frpelqhg1 E| eulelqj d frqwdfw dw wkh orfdo edqn/
|rx duh deoh wr �qg rxw hdfk vkrsshu*v lqfrph1 Wkdw lv doo wkh lqirupdwlrq |rx kdyh1 Iurp wklv/ fdq |rx lqihu
wkh ghpdqg iru hjjvB Fdq |rx ghwhuplqh krz pxfk krxvhkrogv zrxog eh zloolqj wr sd| wr uhpryh vxjdu lpsruw
txrwdvB

Vxfk d gl!fxow dvvljqphqw lv hvvhqwldoo| zkdw lv xqghuwdnhq lq wkh khgrqlf dqdo|vlv ri krxvlqj pdunhwv1 Zh
kdyh qr gluhfw revhuydwlrqv ri dwwulexwh sulfhv1 Zh kdyh vrphzkdw lpsuhflvh revhuydwlrqv ri zkdw dwwulexwhv duh
sxufkdvhg1 Zh kdyh uhdvrqdeo| jrrg revhuydwlrqv ri zkdw lv vshqw iru wkh hqwluh exqgoh/ dqg krz pxfk lqfrph wkh
krxvhkrog kdv1 Iurp wklv zh dwwhpsw wr dqvzhu vrph txlwh lpsruwdqw txhvwlrqv1

Krxvlqj dqg uhvlghqwldo frqvwuxfwlrq duh ri fhqwudo lpsruwdqfh iru ghwhuplqdwlrq ri erwk wkh ohyho ri zhoiduh lq
vrflhw| dqg wkh ohyho ri djjuhjdwh hfrqrplf dfwlylw|1 Lq pdq| hfrqrplhv d uhvlghqfh uhsuhvhqwv wkh prvw ydoxdeoh
vlqjoh dvvhw rzqhg e| prvw lqglylgxdov/ dqg d yhu| odujh vkduh ri wrwdo krxvhkrog zhdowk1 Lq doo hfrqrplhv wkh vkduh
ri lqfrph vshqw rq krxvlqj uhsuhvhqwv d yhu| odujh iudfwlrq ri wrwdo h{shqglwxuh1 Lw lv wkxv wr eh h{shfwhg wkdw
hfrqrplvwv zrxog ghyrwh frqvlghudeoh h�ruw wrzdugv xqghuvwdqglqj wkh vwuxfwxuh ri wkh ghpdqg iru krxvlqj dqg
htxloleuld lq wkhvh pdunhwv1

Wkh �uvw gl!fxow| zklfk dulvhv lq wklv h�ruw vwhpv iurp wkh reylrxv khwhurjhqhlw| ri wkh surgxfw1 Wr dwwhpsw d
frpsdulvrq ehwzhhq wkh sulfh ri krxvhv lq Fklqd dqg Fkloh/ ru ehwzhhq krxvlqj sulfhv lq 4<<9 dqg 4<79 uhtxluhv xv
wr dgguhvv wkh vlplodulw| dqg dssursuldwhqhvv ri pdnlqj vxfk d frpsdulvrq1 Zh revhuyh d orz0lqfrph fhqwudo flw|
uhvlghqw zkr sd|v '833 shu prqwk iru klv krxvlqj/ zkloh wkh pruh d"xhqw vxexuedq idplo| lq wkh vdph flw| kdv d
prqwko| h{shqglwxuh ri '48331 Fdq zh frqfoxgh wkdw wkh fhqwudo flw| uhvlghqw lv oxfn| dqg idfhv d sulfh ri krxvlqj
zklfk lv orzhu wkdq lq wkh vxexuevB Pruh vxewo|/ vxssrvh zh revhuyh wkdw wkhvh uhvlghqfhv duh uhdoo| yhu| gl�huhqw1
Duh wkh gl�huhqw fkrlfhv pdgh e| wkh wzr krxvhkrogv dwwulexwdeoh wr gl�huhqw lqfrphv/ gl�huhqw suhihuhqfhv/ qrq0
pdunhw frqvwudlqwv rq fkrlfh/ ru gl�huhqfhv lq wkh h�hfwlyh sulfhv ri wkh dwwulexwhv zklfk fkdudfwhul}h hdfk krxvhB
Wr dqvzhu vxfk txhvwlrqv/ zh kdyh qr fkrlfh exw wr xqghuwdnh khgrqlf dqdo|vlv ri wkh pdunhw1

Wkh lpsruwdqw zrun ri Julolfkhv ^4<94` dqg Julolfkhv ^4<:4` glg pxfk wr lqwurgxfh khgrqlf dqdo|vlv dqg whfk0
qltxhv iru ghdolqj zlwk frpprglw| khwhurjhqhlw| wr d zlghu dxglhqfh ri hfrqrplvwv1 Julolfkhv dqg pdq| rwkhuv kdyh
uljkwo| uhihuuhg wr wkh zrun ri Frxuw ^4<6<` dv dq hduo| slrqhhu lq dssolfdwlrq ri wkhvh whfkqltxhv/ dv zhoo dv wkh �uvw
wr dsso| wkh whup ckhgrqlf* wr dqdo|vlv ri sulfhv dqg ghpdqg iru wkh lqglylgxdo vrxufhv ri sohdvxuh � wkh dwwulexwhv
zklfk frpelqh wr fkdudfwhul}h khwhurjhqhrxv frpprglwlhv1 Dw ohdvw d ghfdgh ehiruh wkh dsshdudqfh ri Frxuw*v

WL zrxog olnh wr wkdqn Mrvhsk J|rxunr/ Sdxo Fkhvkluh/ dqg Hg Ploov iru khosixo frpphqwv rq dq hduolhu gudiw ri wklv fkdswhu1



zrun/ krzhyhu/ wkh vwxg| ri Zdxjk ^4<5<` dsshduv wr eh wkh �uvw wr surylgh d v|vwhpdwlf dqdo|vlv ri wkh lpsdfw
ri ctxdolw|* rq wkh sulfh ri d frpprglw|1 Zdxjk fkdudfwhul}hv txdolw| xvlqj d ydulhw| ri revhuydeoh dwwulexwhv/ dqg
hvwlpdwhv wkh lpsolflw sulfh ri hdfk ri wkhvh dwwulexwhv1 Qrw rqo| lv wkh vwxg| wkh �uvw wr hvwlpdwh zkdw zh qrz fdoo
d ckhgrqlf sulfh ixqfwlrq*/ lw lv dq lpsruwdqw hduo| dssolfdwlrq ri pxowlyduldwh vwdwlvwlfdo whfkqltxhv wr hfrqrplfv1
Lw qlfho| looxvwudwhv wkh zd| lq zklfk khgrqlf dqdo|vlv zdv/ dqg lv/ dq lpsruwdqw vrxufh ri hfrqrphwulf lqqrydwlrq
iru wkh surihvvlrq1

Wklv fkdswhu uhylhzv vhyhudo dvshfwv ri wkh khgrqlf dqdo|vlv ri krxvlqj pdunhwv/ irfxvlqj eurdgo| rq wkh wkhruhw0
lfdo irxqgdwlrq ri vxfk dqdo|vlv iroorzhg e| wkh sudfwlfdo lpsohphqwdwlrq1 Zlwklq hdfk ri wkhvh duhdv/ zh frqvlghu
wkh lvvxhv zklfk d�hfw wkh ghwhuplqdwlrq dqg hvwlpdwlrq ri lpsolflw sulfhv iru krxvlqj dwwulexwhv/ dv zhoo dv wkh
gl!fxow sureohpv zklfk frqiurqw wkh xvh ri wkhvh sulfhv wr hvwlpdwh wkh ghpdqg iru fkdudfwhulvwlfv1

Wklv uh hfwv d edvlf glfkrwrp| zklfk lv dovr suhvhqw lq wkh olwhudwxuh1 Wkhuh lv d odujh erg| ri zrun zklfk
irfxvhv pruh ru ohvv h{foxvlyho| rq lqihuhqfh ri wkh lpsolflw sulfhv ri krxvlqj dqg hqylurqphqwdo fkdudfwhulvwlfv1 Vxfk
lqirupdwlrq lv ri frqvlghudeoh ydoxh lq wkh frqvwuxfwlrq ri sulfh lqglfhv zklfk wdnh surshu dffrxqw ri fkdqjhv lq wkh
txdolw| ri wkh jrrgv surgxfhg/ dqg dovr lq hvwlpdwlqj ru iruhfdvwlqj ydoxhv ri uhdo hvwdwh dvvhwv1 D vhfrqg eudqfk ri
wkh olwhudwxuh xvhv wkhvh lpsolflw sulfhv wr hvwlpdwh wkh vwuxfwxuh ri krxvhkrog ghpdqg iru krxvlqj dwwulexwhv/ dqg
wr hydoxdwh wkh zhoiduh frqvhtxhqfhv ri fkdqjhv lq dwwulexwh sulfhv ru hqylurqphqwdo txdolw|1

Wkhuh kdyh ehhq vhyhudo h{fhoohqw vxuyh|v ri doo ru lpsruwdqw sduwv ri wklv olwhudwxuh1 Wkh sdshuv e| Pd|r
^4<;4`/ Iroodlq dqg Mlphqh} ^4<;8`/ Sdoptxlvw ^4<<4` dqg rwkhuv surylgh sduwlfxoduo| xvhixo dffrxqwv ri wkh surjuhvv
pdgh lq wklv duhd/ dqg rqh pljkw cuhylhz* wklv duhd ri xuedq hfrqrplfv e| vlpso| uhihuulqj wkh uhdghu wr wkhvh1
Wkh glvfxvvlrq ehorz/ lq dgglwlrq wr kljkoljkwlqj vrph ri wkh pruh uhfhqw frqwulexwlrqv lq wklv duhd/ surylghv dq
dowhuqdwlyh ylhz ri vrph ri wkhvh ghyhorsphqwv1

51 Wkhruhwlfdo irxqgdwlrq

Ehiruh glvfxvvlqj wkh dfwxdo hvwlpdwlrq dqg xvh ri khgrqlf prghov ri krxvlqj pdunhwv/ zh ehjlq zlwk d glvfxvvlrq
ri vrph ri wkh wkhruhwlfdo frqvwuxfwv zklfk duh dw wkh irxqgdwlrq ri wklv dssurdfk1 Zh ehjlq zlwk vrph suholplqdu|
uhpdunv frqfhuqlqj clpsolflw pdunhwv* ehiruh wxuqlqj wr glvfxvvlrq ri khgrqlf sulfh ixqfwlrqv dqg wkh vwuxfwxuh ri
ghpdqg iru krxvlqj dwwulexwhv1

5141 Lpsolflw Pdunhwv

Wkh qrwlrq ri lpsolflw pdunhwv ghqrwhv wkh surfhvv ri surgxfwlrq/ h{fkdqjh/ dqg frqvxpswlrq ri frpprglwlhv zklfk
duh sulpdulo| +shukdsv h{foxvlyho|, wudghg lq cexqgohv*1 Wkh h{solflw pdunhw/ zlwk revhuyhg sulfhv dqg wudqvdfwlrqv/ lv
iru wkh exqgohv wkhpvhoyhv1 Vxfk d pdunhw/ krzhyhu/ pljkw eh wkrxjkw ri dv frqvwlwxwlqj vhyhudo lpsolflw pdunhwv iru
wkh frpsrqhqwv ri wkh exqgohv wkhpvhoyhv1 Wklv lv ri sduwlfxodu lpsruwdqfh zkhq wkh exqgohv duh qrw krprjhqhrxv/
exw ydu| gxh wr wkh ydu|lqj dprxqwv ri gl�huhqw frpsrqhqwv zklfk wkh| frqwdlq1

Wkhuh duh dw ohdvw wzr srvvleoh shuvshfwlyhv wr wdnh rq lpsolflw pdunhwv/ zklfk gl�hu pruh lq wkhlu hpskdvlv dqg
rulhqwdwlrq wkdq lq wkh �qdo wkhru| zkrvh ghyhorsphqw lv wkxv prwlydwhg1 Rq wkh rqh kdqg/ zh pljkw uhjdug wkh
ghpdqg iru doo jrrgv � hyhq wkrvh zklfk dsshdu wr eh krprjhqhrxv � dv ehlqj edvhg qrw rq wkh jrrgv wkhpvhoyhv
exw xsrq wkh fkdudfwhulvwlfv zklfk wkh| hperg|1 Wkh krxvhkrog sxufkdvhv wkhvh jrrgv dqg xvhv wkhp dv d w|sh
ri clqsxw*/ wudqviruplqj wkhp lqwr xwlolw|/ wkh ohyho ri zklfk ghshqgv xsrq wkh txdqwlw| ri fkdudfwhulvwlfv hperglhg
lq wkh jrrgv sxufkdvhg1 Wklv dssurdfk/ prwlydwhg dw ohdvw lq sduw e| wkh zrun ri Odqfdvwhu ^4<99`/ whqgv wr
sodfh sduwlfxodu hpskdvlv rq krxvhkrog surgxfwlrq dqg wkh surshuwlhv ri krxvhkrog ghpdqg iru wkh +vrphwlphv
xqrevhuydeoh, fkdudfwhulvwlfv1

Dq dowhuqdwlyh ylhz hpskdvl}hv wkh lghd wkdw vrph jrrgv duh xvhixoo| frpelqhg dqg wkrxjkw ri dv ehlqj wudghg lq
d vlqjoh cpdunhw*/ exw wkh| duh txlwh khwhurjhqhrxv � dxwrprelohv/ zrunhuv/ dqg krxvhv duh doo uhdvrqdeoh h{dpsohv1
Vxfk pdunhwv duh qrw fdsdeoh ri ehlqj dqdo|}hg zlwk wkh xvxdo hfrqrplf prghov ehfdxvh wkh| duh qrw fkdudfwhul}hg
ru hyhq dssur{lpdwhg e| d vlqjoh sulfh/ exw udwkhu e| d udqjh ri sulfhv zklfk ghshqg xsrq wkh txdolw| ri wkh
frpprglw| ru wkh fkdudfwhulvwlfv lw frqwdlqv1 Wkh khgrqlf dssurdfk dwwdfnv wklv gl!fxow| e| dvvhuwlqj wkdw wkhvh
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jrrgv/ zkloh joredoo| khwhurjhqhrxv/ duh frpsrvhg ri djjuhjdwhv ri +pruh ru ohvv, krprjhqhrxv sduwv/ dqg zkloh wkh
djjuhjdwh exqgoh pd| qrw kdyh d frpprq sulfh/ wkh frpsrqhqw dwwulexwhv gr +ru dw ohdvw d frpprq sulfh vwuxfwxuh,1
Wkh khgrqlf dssurdfk surylghv d phwkrgrorj| iru lghqwli|lqj wkh vwuxfwxuh ri sulfhv ri wkh frpsrqhqw dwwulexwhv
+hvwlpdwlrq ri wkh khgrqlf sulfh ixqfwlrq,1 Dqdo|vlv ri ghpdqg fdq wkhq surfhhg xvlqj wkhvh sulfhv/ hvwlpdwlqj d
ghpdqg v|vwhp lq zklfk wkh dwwulexwhv duh wuhdwhg dv jrrgv1 Wklv lqyroyhv dq lpsolflw dvvxpswlrq wkdw d ydulhw|
ri djjuhjdwh exqgohv duh dydlodeoh lq wkh pdunhw vr wkdw frqvxphuv fdq fkrrvh dq| exqgoh ri dwwulexwhv wkh| zlvk/
ehlqj frqvwudlqhg rqo| e| wkhlu lqfrphv dqg wkh sulfh ri wkh uhvxowlqj exqgoh1

Li zh ohw ] uhsuhvhqw d yhfwru ri txdqwlwlhv ri wkhvh dwwulexwhv zklfk gl�huhqwldwh wkh frpprglwlhv/ wkh khgrqlf
dssurdfk vwduwv e| uhfrjql}lqj wkdw �uvw/ hdfk frqvxphu pd| frqvxph d gl�huhqw frpprglw|/ lq wkh vhqvh wkdw hdfk
frqvxphu pd| frqvxph d xqlw ri wkh jrrg zlwk d gl�huhqw dprxqw ri ] hperglhg1 Vhfrqg/ hdfk frqvxphu pd|
sd| d gl�huhqw sulfh iru wkh jrrg/ vr wkdw d udqjh ri pdujlqdo sulfhv pd| h{lvw zklfk/ lq jhqhudo/ ghshqg xsrq wkh
txdqwlw| ri ]1

5151 Khgrqlf Sulfh Ixqfwlrqv

Khgrqlf sulfh ixqfwlrqv duh hvwlpdwhg iru wzr sulpdu| uhdvrqv= iru xvh lq frqvwuxfwlrq ri ryhudoo sulfh lqglfhv
zklfk dffrxqw iru fkdqjhv lq wkh txdolw| ri jrrgv surgxfhg/ dqg dv dq lqsxw lq wkh dqdo|vlv ri frqvxphu ghpdqg
iru dwwulexwhv ri khwhurjhqhrxv jrrgv1 Wr xqghuvwdqg wkh dssursuldwh hvwlpdwlrq whfkqltxhv dqg sureohpv/ dqg
wr lqwhusuhw wkh uhvxowv/ zh pxvw ehjlq zlwk dq xqghuvwdqglqj ri krz d pdunhw iru khwhurjhqhrxv jrrgv fdq eh
h{shfwhg wr ixqfwlrq/ dqg zkdw w|shv ri htxloleuld zh fdq h{shfw wr revhuyh1

Zh ehjlq zlwk d uhfdslwxodwlrq ri wkh edvlf wkhru| ri khgrqlf pdunhwv1 Frqvxphuv duh dvvxphg wr ghulyh xwlolw|
iurp frqvxpswlrq ri d frpprglw| zklfk hperglhv d yhfwru ] ri M gl�huhqw fkdudfwhulvwlfv/ soxv frqvxpswlrq ri
d frpsrvlwh jrrg \ 1 Wkh| kdyh �{hg lqfrph P dqg idfh d sulfh ixqfwlrq S +], zklfk jlyhv wkh sulfh ri wkh
khwhurjhqhrxv jrrg +zklfk zh uhihu wr dv krxvlqj, dv d ixqfwlrq ri wkh hperglhg fkdudfwhulvwlfv ]1 Wkh suhihuhqfhv
ri wkh krxvhkrog duh uhsuhvhqwhg e| wkh xwlolw| ixqfwlrq

x @ x+]>\> �, +514,

zkhuh � lv d yhfwru ri revhuyhg dqg xqrevhuyhg sdudphwhuv zklfk fkdudfwhul}h wkh suhihuhqfhv ri wkh krxvhkrog1
Krxvhkrogv duh wkhuhiruh dvvxphg wr eh ixoo| fkdudfwhul}hg e| dq lqfrph P dqg sdudphwhu yhfwru �/ zlwk glvwul0
exwlrq ryhu srvvleoh ydoxhv ghvfulehg e| wkh mrlqw suredelolw| i +�>P,1

Iurp wkh xwlolw| ixqfwlrq 514 zh fdq ghulyh wkh dprxqw zklfk d krxvhkrog zrxog eh zloolqj wr sd| iru d krxvh
dv d ixqfwlrq ri wkh hperglhg fkdudfwhulvwlfv/ jlyhq wkh lqfrph dqg dfklhyhg xwlolw| ohyho iru wkh krxvhkrog1 Wklv
krxvhkrog celg uhqw* ixqfwlrq �+]>P> x>�, lv gh�qhg lpsolflwo| e|=

x @ x +]>P � �>�, +515,

Wkh ghulydwlyh ri wkh elg uhqw ixqfwlrq Yq

Y~�

jlyhv wkh udwh dw zklfk wkh krxvhkrog zrxog eh zloolqj wr fkdqjh
h{shqglwxuh rq d krxvh dv fkdudfwhulvwlf l lqfuhdvhv/ zkloh kroglqj wkh xwlolw| ohyho frqvwdqw1 Wklv lv wkh lqyhuvh ri
wkh frpshqvdwhg ghpdqg fxuyh1

Wkh krxvhkrog fkrrvhv d krxvh zlwk fkdudfwhulvwlfv ]/ dqg frqvxpswlrq ri frpsrvlwh frpprglw| \ / wr vroyh=

pd{
~ct

x+]>\> �, vxemhfw wr P � S +], . \ +516,

Iluvw rughu frqglwlrqv iru wklv sureohp uhtxluh wkdw

x
�

x
t

@ S
�

; l +517,

zkhuh vxevfulswv lqglfdwh sduwldo ghulydwlyhv vr wkdw x
�

@ Y�

Y~�

dqg S
�

@ Y�

Y~�

1 Wkh ghulydwlyh S
�

lv xvxdoo| uhihuuhg wr
dv wkh khgrqlf sulfh ri fkdudfwhulvwlf l/ dqg wkh ixqfwlrq S +], dv wkh khgrqlf sulfh ixqfwlrq1
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Frpelqlqj wkh �uvw rughu frqglwlrqv lq 517 zlwk lpsolflw gl�huhqwldwlrq ri 515 |lhogv wkh idploldu uhvxow wkdw
rswlpdo fkrlfh ri d krxvh lv fkdudfwhul}hg e| htxdolw| ehwzhhq wkh vorsh ri wkh elg uhqw dqg wkh khgrqlf sulfh iru
hdfk fkdudfwhulvwlf=

C�

C]
�

@
x
�

x
t

@ S
�

+518,

Wklv revhuydwlrq lv sduw ri wkh mxvwl�fdwlrq ri wkh khgrqlf dssurdfk wr dqdo|vlv ri pdunhwv/ iru lw lqglfdwhv wkdw li zh
fdq crevhuyh* +ru hvwlpdwh, wkh khgrqlf sulfh iru d fkdudfwhulvwlf dqg wkh fkrlfh pdgh e| wkh frqvxphu/ wkhq xqghu
wkh dvvxpswlrq ri rswlpl}lqj ehkdylru wkh revhuydwlrq surylghv orfdo lqirupdwlrq derxw wkh frqvxphu*v suhihuhqfhv
ru zloolqjqhvv wr sd| iru dwwulexwhv lq wkh qhljkerukrrg ri wkh revhuyhg fkrlfh1 Lq wklv vhqvh wkh sureohp vhhpv
vlplodu wr wkh vwdqgdug dqdo|vlv ri frqvxphu ehkdylru/ lq zklfk revhuyhg fkrlfhv dqg sulfhv surylgh orfdo lqirupdwlrq
derxw frqvxphu suhihuhqfhv/ dqg jlyhq vx!flhqw gdwd zh fdq krsh wr pdnh dffxudwh lqihuhqfhv derxw frqvxphu
ehkdylru dqg sulfh ghwhuplqdwlrq1 Dv zh vkdoo vhh ehorz/ wkh khgrqlf pdunhw sureohp lv vxevwdqwldoo| pruh frpsoh{1

Wr frpsohwh wkh prgho/ zh pxvw surylgh dq h{sodqdwlrq iru wkh ghwhuplqdwlrq ri wkh khgrqlf sulfh ixqfwlrq
S 1 Iru wklv zh lqwurgxfh surgxfhuv ri wkh khwhurjhqhrxv jrrg zkr duh fkdudfwhul}hg e| frvw ixqfwlrqv F +]>Q> �,
zklfk ghshqg xsrq wkh fkdudfwhulvwlfv ] ri wkh krxvhv vxssolhg/ wkh qxpehu Q ri vxfk krxvhv exlow/ dqg d yhfwru
� ri sdudphwhuv zklfk fkdudfwhul}h hdfk surgxfhu1 Wkxv wkh sur�w ri d surgxfhu lv jlyhq e|=

� @ S +], �Q �F +]>Q> �, +519,

Wkhuh duh d ydulhw| ri surgxfhuv/ dqg wkhlu glvwulexwlrq lv ghvfulehg e| wkh suredelolw| ghqvlw| j +�,1 Hdfk ri wkhvh
surgxfhuv lv dvvxphg wr wdnh wkh sulfh ixqfwlrq S +], dv jlyhq dqg vroyh=

pd{
~c�

S +], �Q �F +]>Q> �, +51:,

Wkh �uvw rughu frqglwlrqv iru vroxwlrq ri wklv uhtxluh wkdw=

S
�

@ F
�

; l +51;,

S +], @ F
�

Wkxv hdfk surgxfhu htxdwhv wkh pdujlqdo frvw ri hdfk fkdudfwhulvwlf wr lwv khgrqlf sulfh/ dqg exlogv krxvhv xqwlo wkh
pdujlqdo frvw ri exloglqj dqrwkhu krxvh +ri w|sh ], lv htxdo wr wkh ydoxh ri wkh krxvh S +],1 Wkhuh zloo w|slfdoo|
eh d odujh qxpehu ri krxvlqj surgxfhuv dfwlyh lq wkh pdunhw/ zlwk vhoohuv ri h{lvwlqj krxvlqj frqvlvwlqj ri d vshfldo
w|sh ri surgxfhu zlwk Q @ 4 dqg d frvw ixqfwlrq F +=, zklfk lv ghwhuplqhg e| wkh frvwv dqg whfkqrorj| ri krxvh
uhsdlu dqg uhprgholqj1

Htxloleulxp lq wklv pdunhw iru khwhurjhqhrxv jrrgv uhtxluhv d khgrqlf sulfh ixqfwlrq S +], wkdw htxdwhv vxsso|
dqg ghpdqg iru hyhu| w|sh ri krxvh ]1 Wklv htxloleulxp lv frqyhqwlrqdoo| uhsuhvhqwhg dv d orfxv ri wdqjhqflhv
ehwzhhq d vhulhv ri pdujlqdo frvw fxuyhv/ F

�

> dqg wkh ghulydwlyhv �
�

ri wkh elg uhqw fxuyhv1 Lq jhqhudo/ dv srlqwhg rxw
lq Hssoh ^4<;:` lqwhu dold/ wkh htxloleulxp sulfh ixqfwlrq ghshqgv xsrq wkh glvwulexwlrqv i +�>P, dqg j +�,1 Wklv
ghshqghqfh kdv dovr ehhq glvfxvvhg lq wkh frqwh{w ri oderu pdunhwv lq Wlqehujhq ^4<8<` dqg Vdwwlqjhu ^4<;3`1

Wklv ghshqghqf| lv fohdu zkhq rqh frqvlghuv h{wuhph h{dpsohv1 Vxssrvh wkdw wkhuh duh d ydulhw| ri frqvxphuv
exw rqo| rqh w|sh ri surgxfhu/ vr wkdw j +�, lv ghjhqhudwh1 Lq wklv fdvh wkh htxloleulxp zloo kdyh rqo| d vlqjoh F

�

iru hdfk fkdudfwhulvwlf/ dqg doo �
�

zloo eh wdqjhqw wr lw1 Dq htxloleulxp khgrqlf sulfh ixqfwlrq zrxog eh wkh frvw
ixqfwlrq F1 Lq jhqhudo/ wkhq/ wkh htxloleulxp khgrqlf sulfh ixqfwlrq ghshqgv xsrq wkh glvwulexwlrq ri frqvxphuv
dqg surgxfhuv1 Lw lv srvvleoh wr hqgrjhql}h wkh glvwulexwlrq j xvlqj d }hur sur�w frqglwlrq wr jhqhudwh chqwu|* dqg
ch{lw* ri krxvh surgxfhuv zkr ehkdyh dv ghvfulehg deryh/ lqfuhdvlqj ru ghfuhdvlqj wkh ghqvlw| ri hdfk surgxfhu w|sh
� xqwlo d w|sh ri corqj uxq* htxloleulxp frqglwlrq lv phw1

Wklv surylghv d wkhruhwlfdoo| frkhuhqw irxqgdwlrq iru h{sodlqlqj wkh uhodwlrqvkls ehwzhhq wkh sulfh ri d krxvh
+ru rwkhu khwhurjhqhrxv jrrg, dqg wkh fkdudfwhulvwlfv lw srvvhvvhv1 Lw ghvfulehv wkh dfwlrqv ri pdunhw sduwlflsdqwv/
dqg surylghv htxloleulxp frqglwlrqv lq zklfk wkhvh dfwlrqv frpelqh wr ghwhuplqh wkh khgrqlf sulfh uhodwlrqvkls1
Ixuwkhupruh/ lw grhv vr lq d zd| zklfk xqghuvfruhv wkh srwhqwldo xvhixoqhvv ri revhuylqj wklv uhodwlrqvkls1 Dsduw
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iurp wkh gl!fxowlhv lq dfwxdoo| fduu|lqj rxw wkh hvwlpdwlrq uhtxluhg iru wklv crevhuydwlrq*/ wkhuh duh vwloo vrph jdsv
zklfk kdyh ehhq dgguhvvhg e| uhvhdufkhuv ru surylgh rssruwxqlwlhv iru ixwxuh uhvhdufk1

Wkh jdsv zklfk vhhp ri juhdwhvw uhohydqfh lq wkh suhvhqw frqwh{w uhodwh wr dvshfwv zklfk vhw wkh pdunhw iru
krxvhv dsduw iurp wkh pdunhwv iru rwkhu khwhurjhqhrxv frpprglwlhv vxfk dv euhdnidvw fhuhdov ru dxwrprelohv1 Vrph
ri wkhvh dvshfwv duh vkduhg zlwk d ihz rwkhu pdunhwv/ exw lq dq| hyhqw duh qrw lqfrusrudwhg lqwr wkh vwdqgdug
irupxodwlrqv ri khgrqlf prghov ri krxvlqj pdunhwv1 Frqvlghu wkh iroorzlqj ihdwxuhv ri krxvlqj pdunhwv=

� Krxvlqj pdunhwv lqyroyh vhdufk � lw lv frvwo| wr froohfw lqirupdwlrq frqfhuqlqj wkh fkdudfwhulvwlfv hperglhg
lq d sduwlfxodu vwuxfwxuh/ dqg dv d uhvxow wkhuh lv xqfhuwdlqw| derxw wkh h{dfw qdwxuh ri wkh khgrqlf sulfh
ixqfwlrq1 D frqvxphu sxufkdvhv d krxvh e| h{dplqlqj d vhtxhqfh ri vwuxfwxuhv/ hyhqwxdoo| ehjlqqlqj wkh
surfhvv ri pdnlqj r�huv rq surshuwlhv +srvvleo| frqwlqxlqj wr vdpsoh, dqg frqwlqxlqj xqwlo wkh h{shfwhg
lqfuhdvh lq xwlolw| iurp frqwlqxhg vhdufk lv ohvv wkdq wkh frvw1 Lq wklv vhqvh wkh krxvlqj pdunhw lv vlplodu wr
rwkhu cpdwfklqj* w|sh pdunhwv vxfk dv wkh oderu pdunhw1

� Krxvlqj pdunhwv duh lqwulqvlfdoo| vsdwldo � krxvhv lqyroyh ydu|lqj txdqwlwlhv ri odqg/ dqg srvvhvv sdu0
wlfxodu orfdwlrqv1 Pdq| hpslulfdo vwxglhv gr qrw hyhq lqfoxgh orfdwlrq dv d fkdudfwhulvwlf ri wkh krxvh/ ohw
dorqh wdnh dgydqwdjh ri wkh vshfldo qdwxuh ri wklv fkdudfwhulvwlf1 Wkh vshfldo qdwxuh dulvhv zkhq doo +ru prvw,
uhohydqw orfdo dphqlwlhv kdyh ehhq dffrxqwhg iru/ vr wkdw wkh rqo| idfwru zklfk glvwlqjxlvkhv rqh orfdwlrq
iurp dqrwkhu lv wkh wudqvsruw frvwv1 Lq wklv fdvh wkh elg uhqw fxuyh iru orfdwlrqv zlwk juhdwhu dffhvvlelolw| lv
ghwhuplqhg e| wkh wudqvsruw frvw ixqfwlrq1

� Krxvlqj pdunhwv lqyroyh erwk qhz dqg h{lvwlqj krphv � shukdsv wkh prvw vljql�fdqw gl�huhqfh
ehwzhhq krxvlqj dqg rwkhu khwhurjhqhrxv jrrgv pdunhwv lv wkh lpsruwdqfh ri wkh vdoh ri h{lvwlqj +suhylrxvo|
surgxfhg, jrrgv1 Wkh vkduh ri krxvh vdohv dffrxqwhg iru e| qhz frqvwuxfwlrq lv uhodwlyho| vpdoo lq doprvw doo
krxvlqj pdunhwv1 Frqvxphuv fdq vxevwlwxwh ehwzhhq wkhp/ dqg vhhn rxw wkh w|sh/ zkhwkhu qhz ru rog/ zklfk
pd{lpl}hv xwlolw|1 Zkloh wklv srvhv qr sureohp iru wkh frqvxphu vlgh ri wkh pdunhw/ krz vkrxog wklv idfwru
eh lqfrusrudwhg lqwr wkh vxsso| vlgh ri wkh pdunhwB

Lq dgglwlrq wr wkh revhuydwlrqv pdgh deryh/ zh fdq dovr txhvwlrq zkhwkhu wkh ckhgrqlf dssurdfk* lwvhoi kdv
dq| whvwdeoh lpsolfdwlrqv1 Duh wkhuh revhuydwlrqv zklfk frxog eh pdgh frqfhuqlqj wkh lpsolflw sulfh ri krxvlqj
dwwulexwhv zklfk zrxog uhixwh vrph ru doo ri wkh wkhru| rxwolqhg deryhB Rqh lvvxh frqfhuqv wkh frqyh{lw| ri wkh
khgrqlf sulfh ixqfwlrq1 Wklv lq wxuq wudqvodwhv lqwr wkh frqyh{lw| ri wkh frqvxphu*v exgjhw vhw/ zklfk li ylrodwhg
zrxog pdnh sureohpdwlf wkh �uvw0rughu fkdudfwhul}dwlrq ri frqvxphu fkrlfh rxwolqhg lq htxdwlrq 517 deryh1

Lq d uhvwulfwlyh vhwwlqj +doo dwwulexwhv dqg frpprglwlhv shuihfwo| glylvleoh, Mrqhv ^4<;;` vkrzv wkdw lq htxloleulxp/
khgrqlf sulfh ixqfwlrqv pxvw eh frqyh{1 Kh dovr vkrzv wkdw lq wklv vhwwlqj wkh| pxvw eh olqhduo| krprjhqhrxv1 Lq
sudfwlfh/ prvw hvwlpdwhg khgrqlf sulfh ixqfwlrqv vdwlvi| frqyh{lw| +vhh Dqghuvrq ^4<;8`, exw d juhdw pdq| idlo wr
vdwlvi| wkh krprjhqhlw| uhvwulfwlrq1

5161 Vwuxfwxuh ri ghpdqg dqg zhoiduh hydoxdwlrq

D sulpdu| uhdvrq iru xqghuwdnlqj khgrqlf dqdo|vlv ri krxvlqj pdunhwv lv wr xqghuvwdqg wkh vwuxfwxuh ri ghpdqg
iru krxvlqj dwwulexwhv dqg hqylurqphqwdo dphqlwlhv1 Vxfk xqghuvwdqglqj lv hvvhqwldo iru suhglfwlqj wkh uhvsrqvh wr
fkdqjhv lq wkh krxvlqj pdunhw dqg iru surylglqj zhoiduh hvwlpdwhv ri wkh frvwv dqg ehqh�wv dvvrfldwhg zlwk vxfk
fkdqjhv1 Lq wklv vhfwlrq zh h{soruh vrph ri wkh surshuwlhv zklfk fdq eh h{shfwhg ri vxfk ghpdqg/ dqg wkh zd| lq
zklfk wkhvh surshuwlhv lqirup dqg frqvwudlq wkh dssolfdwlrq ri khgrqlf dqdo|vlv1 Lq wklv frqwh{w zh ehjlq zlwk d
frqvlghudwlrq ri wkh h{whqw wr zklfk cghpdqg ixqfwlrqv* fdq eh ghulyhg zlwklq wkh khgrqlf iudphzrun/ dqg zklfk
surshuwlhv wkhvh uhodwlrqvklsv pljkw eh h{shfwhg wr h{klelw1 Zh wkhq glvfxvv wkh zd| lq zklfk wkhvh uhodwlrqvklsv
pljkw eh dssolhg wr hydoxdwh wkh zhoiduh frqvhtxhqfhv ri fkdqjhv zklfk d�hfw wkh sulfhv ri dwwulexwhv ru wkh ohyhov
ri hqylurqphqwdo dphqlwlhv1
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516141 Surshuwlhv ri dwwulexwh ghpdqg

Ehfdxvh wkh khgrqlf sulfh ri dq dwwulexwh lv w|slfdoo| qrw frqvwdqw/ dq dpeljxlw| dulvhv lq suhvhqwlqj krxvlqj cgh0
pdqg* zlwklq wkh frqwh{w ri d khgrqlf prgho1 Li zh nqrz wkh vwuxfwxuh ri suhihuhqfhv iru krxvlqj dqg hqylurqphqwdo
fkdudfwhulvwlfv/ zh fdq suhvhqw wkh ghpdqg ixqfwlrqv wkdw fkdudfwhul}h d krxvhkrog zlwk wkrvh suhihuhqfhv li wkh|
idfhg frqvwdqw sulfhv1 Dowhuqdwlyho|/ zh fdq suhvhqw ehkdylrudo ixqfwlrqv zklfk uhsuhvhqw wkh fkrlfhv zklfk zrxog
eh pdgh e| d xwlolw| pd{lpl}lqj krxvhkrog/ dv d ixqfwlrq qrw ri khgrqlf sulfhv/ exw udwkhu ri wkh sdudphwhuv ri
wkh khgrqlf sulfh ixqfwlrq1 Wkh �uvw zrxog suhvhqw txdqwlwlhv fkrvhq e| wkh krxvhkrog dv d ixqfwlrq ri csulfhv* dqg
lqfrph1 Wkh vhfrqg suhvhqwv fkrlfhv dv d ixqfwlrq ri wkh sdudphwhuv zklfk ghwhuplqh wkh khgrqlf sulfh ixqfwlrq
dqg lqfrph1

Wkh �uvw kdv wkh dgydqwdjh ri suhvhqwlqj krxvhkrog fkrlfh dv d ixqfwlrq ri lqfrph dqg sulfhv lq d vwuxfwxuh
zklfk lv uhdvvxulqjo| +exw ghfhswlyho|, idploldu1 E| suhvhqwlqj d uhsuhvhqwdwlrq ri krxvhkrog fkrlfh lq d frqyhqwlrqdo
vwuxfwxuh/ ghpdqg ixqfwlrqv zklfk h{suhvv krxvhkrog fkrlfh dv d ixqfwlrq ri sulfhv dqg lqfrph doorz fdofxodwlrq ri
sulfh dqg lqfrph hodvwlflwlhv zklfk idflolwdwh frpsdulvrq ri ghpdqg iru krxvlqj zlwk wkh ghpdqg iru rwkhu jrrgv1
Xqiruwxqdwho|/ vxfk frpsdulvrqv fdq eh plvohdglqj vlqfh krxvhkrogv gr qrw/ lq idfw/ idfh olqhdu exgjhw frqvwudlqwv1

Wkh vhfrqg whfkqltxh/ zklfk suhvhqwv krxvhkrog fkrlfh dv d ixqfwlrq ri lqfrph dqg wkh sdudphwhuv ri wkh khgrqlf
sulfh ixqfwlrq kdv wkh dgydqwdjh ri surylglqj +vxemhfw wr wkh olplwv ri hvwlpdwlrq, d txdqwlwdwlyh ghvfulswlrq ri
dfwxdo krxvhkrog ehkdylru1 Xqolnh wkh colqhdul}hg* ghpdqg ixqfwlrqv/ wkhvh zrxog surylgh dffxudwh ghvfulswlrqv
ri krxvhkrog uhvsrqvhv wr fkdqjhv lq wkh khgrqlf sulfh ixqfwlrq1 Wkhuh duh wzr gl!fxowlhv zlwk wkhvh ckhgrqlf
ghpdqgv* zklfk shukdsv dffrxqw iru wkh lqiuhtxhqf| zlwk zklfk wkh| dsshdu lq dssolhg uhvhdufk1 Iluvw/ wkh| fdq eh
vrphzkdw gl!fxow wr hvwlpdwh/ vlqfh wkh| zloo doprvw dozd|v qhfhvvlwdwh wkh xvh ri qrqolqhdu prghov1 Vhfrqg/ wkh|
duh gl!fxow wr xvh lq ghyhorslqj zkdw pljkw eh fdoohg d ckrxvlqj pdunhw khxulvwlf*1 Iru h{dpsoh/ zh riwhq frqiurqw
fkdqjhv lq krxvlqj pdunhwv vxfk dv dq lqfuhdvh lq krxvhkrog lqfrphv ru d fkdqjh lq dydlodelolw| ri odqg iru uhvlghqwldo
ghyhorsphqw/ zklfk duh h{shfwhg +dqg w|slfdoo| gr, kdyh fohdu txdolwdwlyh frqvhtxhqfhv iru khgrqlf sulfhv1 Lw fdq
eh gl!fxow wr wudqvodwh wkhvh lqwr txdolwdwlyh suhglfwlrqv ri krxvlqj dwwulexwh ghpdqg xvlqj wkh ckhgrqlf ghpdqgv*/
dqg txlwh hdv| wr gr vr zlwk wkh colqhdul}hg ghpdqgv*1

Wkh hdvh zlwk zklfk vxfk d khxulvwlf lv ghyhorshg/ krzhyhu/ lv ri olwwoh ehqh�w li lw lv ixqgdphqwdoo| plvohdglqj1
Rxu �uvw txhvwlrq/ wkhuhiruh/ lv wr lqtxluh dv wr wkh xvhixoqhvv ri hvwlpdwlqj wkhvh olqhdul}hg ghpdqgv1 Zh vkdoo
vhh ehorz wkdw hvwlpdwlrq ri wklv w|sh ri cghpdqg* surylghv d whfkqltxh iru hvwlpdwlqj wkh vwuxfwxuh ri suhihuhqfhv/
zklfk lv d sulqflsdo remhfwlyh ri khgrqlf dqdo|vlv ri krxvlqj pdunhwv/ dqg iurp zklfk wkh pruh frpsohwh ckhgrqlf
ghpdqgv* fdq eh ghulyhg dqdo|wlfdoo|1 Wkhuh duh d ydulhw| ri surshuwlhv zklfk ghpdqg ixqfwlrqv srvvhvv lq wkh
frqyhqwlrqdo vhwwlqj/ dqg zh lqtxluh dv wr wkrvh wkdw pljkw eh h{shfwhg wr fduu| ryhu wr wkh olqhdul}hg ghpdqgv
ghulyhg iru d frqvxphu idflqj d qrqolqhdu exgjhw1 Lq wkh vxevhfwlrq wkdw iroorzv/ zh frqvlghu sureohpv wkdw dulvh
lq xvlqj wkh olqhdul}hg ghpdqgv iru zhoiduh dqdo|vlv lq krxvlqj pdunhwv1

Vxssrvh wkdw zh surfhhg dorqj wkh olqhv vxjjhvwhg lq Urvhq ^4<:7`/ dqg lq idfw lpsohphqwhg lq d qxpehu ri
vwxglhv/ wdnlqj hvwlpdwhg khgrqlf sulfhv dv li wkh| zhuh dfwxdo sulfhv/ frpelqlqj wkhp zlwk krxvhkrog lqfrph dqg
revhuyhg krxvhkrog fkrlfhv wr hvwlpdwh wkh vwuxfwxuh ri ghpdqg1 Zh pljkw dwwhpsw wklv e| srvwxodwlqj d sdudphwulf
irup hlwkhu iru wkh xwlolw| ixqfwlrq ru/ htxlydohqwo|/ iru wkh h{shqglwxuh ixqfwlrq/ dqg wkhq ghulyh d ghpdqg ixqfwlrq
iru hdfk dwwulexwh ri wkh irup

t
�

+S
�
> ===> S

a

>P>�, +51<,

Zh frxog wkhq surfhhg wr hvwlpdwh wklv lq wkh irup ri d vkduh htxdwlrq lq dq dgglwlyh huuru whup=
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�
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>P>�,

P
. % +5143,

Wkhuh duh wzr lpsruwdqw sureohpv zlwk wklv vwudwhj|= wkh �uvw frqfhuqv wkh hvwlpdwlrq whfkqltxh dqg odfn ri
vwrfkdvwlf lqghshqghqfh ehwzhhq wkh cyduldeohv* S

�

dqg wkh huuru whup %1 Wklv lvvxh kdv uhfhlyhg d juhdw ghdo ri
dwwhqwlrq dqg lv glvfxvvhg pruh frpsohwho| lq vhfwlrq 615 ehorz1 Wkh vhfrqg sureohp frqfhuqv wkh dssursuldwhqhvv
ri wklv dssurdfk zkhq wkh exgjhw vhw idfhg e| wkh krxvhkrog lv srwhqwldoo| qrq olqhdu gxh wr wkh qrqolqhdulwlhv zklfk
pd| eh suhvhqw lq S +],1
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Iljxuh 514= Khgrqlf exgjhw olqhv dqg frqvxphu fkrlfh

Wr xqghuvwdqg wkh lpsruwdqfh ri wkh qrqolqhdulw|/ frqvlghu �jxuh 5141 Khuh zh vhh wzr cexgjhw olqhv*1 Wkh
exgjhw olqh lv gh�qhg e| wkh htxdolw|

\ @ P � S +], +5144,

zkhuh zh vkdoo dvvxph wkdw wkh khgrqlf sulfh ixqfwlrq lv frqyh{ vr wkdw wkh krxvhkrog*v exgjhw vhw zloo eh frqyh{1
Dv orqj dv wkh khgrqlf sulfh ixqfwlrq lv lqghshqghqw ri krxvhkrog lqfrph +zklfk zloo lq jhqhudo eh wuxh li vhoohuv
ri krxvhv duh sulfh0wdnhuv, wkh exgjhw olqhv wkhpvhoyhv duh ctxdvl olqhdu*� wkh vorsh ri wkh exgjhw olqh lv �S � +],
dqg lqghshqghqw ri frqvxpswlrq ri wkh frpsrvlwh jrrg1 Wkxv wkh glvwdqfh +D � F, @ +E � G, @ S +],/ dqggP

�
� gP

f
@ P

�
�P

f
@ +F �G,=

D krxvhkrog zlwk lqfrph P
�
> idflqj khgrqlf sulfh S +], dqg pdnlqj fkrlfh F h{klelwv wkh vdph ehkdylru dv

d krxvhkrog zlwk lqfrph gP
�
idflqj dq dwwulexwh sulfh zklfk lv frqvwdqw dqg htxdo wr Y�

Y~

1 Dv glvfxvvhg lq vhfwlrq
515 wkh �uvw rughu frqglwlrqv iru krxvhkrog fkrlfh lpso| d wdqjhqf| ehwzhhq wkh lqgl�huhqfh fxuyh/ wkh wuxh exgjhw
olqh P

�
/ dqg wkh olqhdul}hg exgjhw olqh gP

�
dw wkh srlqw F1 Surylghg wkdw suhihuhqfhv duh vwulfwo| frqyh{/ ghpdqg

zloo eh d ixqfwlrq/ dqg wkh olqhdul}hg ghpdqg zloo eh wkh vdph dv wkh khgrqlf ghpdqg14

Wkxv li zh zdqw wr hvwlpdwh wkh vwuxfwxuh ri krxvhkrog suhihuhqfhv e| hvwlpdwlqj krxvhkrog ghpdqg iru dw0
wulexwhv/ zh fdq wdnh dv gdwd wkh khgrqlf sulfhv S

�

@ Y� E~�

Y~�

/ dqg wkh dfwxdo krxvhkrog fkrlfhv/ exw zh pxvw xvh

lqfrph ohyho fP @ P � S +], .
S

a

�'�
S
�

� ]
�

1 Edvhg rq wklv gdwd/ wkh vwuxfwxuh ri ghpdqg fdq eh hvwlpdwhg1
Vxfk ghpdqg lv zkdw Pxuud| ^4<;6` uhihuv wr dv cp|wklfdo* ghpdqg/ vwuhvvlqj wkdw wkh uhvxowlqj hvwlpdwhg

ghpdqgv duh wkrvh wkdw zrxog rewdlq li wkh frqvxphu idfhg olqhdul}hg sulfhv1 Zkloh wkh ghpdqg ixqfwlrqv pljkw
eh cp|wklfdo*/ wkhuh lv qrwklqj p|wklfdo derxw wkh krxvhkrog suhihuhqfhv zklfk fdq eh lqihuuhg iurp wkh hvwlpdwhg
ghpdqgv1 Li d sdudphwulf irup iru ghpdqg ixqfwlrqv lv fkrvhq wr idflolwdwh lqwhjudelolw|/ wkhq zh fdq ghwhuplqh
wkh sdudphwhuv ri d xwlolw| ru h{shqglwxuh ixqfwlrq gluhfwo| iurp wkh hvwlpdwhg ghpdqg v|vwhpv1 Iru h{dpsoh
li d Jhqhudol}hg FHV +dv lq Txljoh| ^4<;5` ru Iroodlq dqg Mlphqh} ^4<;6`, ru Doprvw Lghdo Ghpdqg V|vwhp +dv

4D glvfuhshqf| fohduo| dulvhv li suhihuhqfhv duh qrw vwulfwo| frqyh{1 Zkloh d srlqw vxfk dv . lq �jxuh 514 zrxog qrw eh dq hohphqw ri
khgrqlf ghpdqg/ lw frxog eh dq hohphqw dorqj zlwk srlqw � lq olqhdulvhg ghpdqg li wkh lqgl�huhqfh fxuyh kdg d  dw sruwlrq zklfk zdv
frolqhdu zlwk wkh olqhdulvhg exgjhw frqvwudlqw f��1 Zkloh ri plqru wkhruhwlfdo lqwhuhvw/ wklv lv ri plqlpdo uhohydqfh lq dssolfdwlrqv vlqfh
hvwlpdwlrq ri ghpdqg ixqfwlrqv douhdg| uhtxluhv wkh dvvxpswlrq ri vwulfwo| frqyh{ suhihuhqfhv1

:



lq Fkhvkluh dqg Vkhssdug ^4<<;` ru Sduvrqv ^4<;9`, lv dssolhg/ wkhq wkh sdudphwhuv ri wkh xwlolw| ru h{shqglwxuh
ixqfwlrq duh gluhfwo| rewdlqdeoh iurp hvwlpdwhv ri wkh ghpdqg1

Lw lv lpsruwdqw wr txdoli| wkh lqwhusuhwdwlrq ri wkh hvwlpdwhg ghpdqgv dqg suhihuhqfhv e| uhfrjql}lqj wkdw
krxvhkrogv vxemhfw wr qrqolqhdu exgjhw frqvwudlqwv gr qrw h{klelw wkh vdph ehkdylru dv krxvhkrogv vxemhfw wr olqhdu
frqvwudlqwv/ hyhq li +orfdoo|, wkh olqhdu dqg qrqolqhdu exgjhwv duh htxlydohqw1 Lq wklv vhqvh/ wkh colqhdu dssur{lpdwlrq*
ghpdqgv duh qrw vr pxfk p|wklfdo dv huurqhrxv/ zlwk wkh huuru ghshqglqj xsrq wkh qrqolqhdulw| ri wkh khgrqlf
sulfhv dqg wkh suhihuhqfhv ri wkh krxvhkrog1

Frqyhqwlrqdo ghpdqgv ghulyhg iurp olqhdu exgjhw frqvwudlqwv h{klelw d ydulhw| ri vwdqgdug surshuwlhv zklfk
kdyh suryhq xvhixo lq dssolhg ghpdqg dqdo|vlv1 Wkhvh fdq eh xvhg hlwkhu dv wkh edvlv ri whvwv ri wkh prgho/ ru
srwhqwldoo| dv d vrxufh ri cqrq0vdpsoh* lqirupdwlrq wr lpsuryh wkh txdolw| ri hvwlpdwhv zkhq/ iru h{dpsoh/ vdpsoh
gdwd h{klelw frolqhdulw|1 Zklfk ri wkhvh surshuwlhv duh suhvhuyhg lq wkh olqhdul}hg ghpdqgvB

Wkh vwxg| e| Wxuqexoo ^4<<7` ghulyhv vrph surshuwlhv ri ryhudoo krxvlqj ghpdqg lq d frqwh{w zklfk h{solflwo|
frqvlghuv wkh hqgrjhqrxv orfdwlrq fkrlfhv zklfk ghwhuplqh wkh vsdwldo vwuxfwxuh ri krxvlqj frqvxpswlrq1 Wklv sdshu
+dorqj zlwk uhodwhg vwxglhv vxfk dv Eodfnoh| dqg Iroodlq ^4<;:`/ GhVdoyr ^4<;8`/ ru Wxuqexoo ^4<<6`, hvwdeolvk fohduo|
wkdw ghpdqg iru krxvlqj lv d�hfwhg lq lpsruwdqw zd|v e| hqgrjhqrxv orfdwlrq fkrlfh/ dqg wkdw vxfk ghpdqg grhv
qrw srvvhvv wkh vdph surshuwlhv dv frqyhqwlrqdo ghpdqg1 Lq sduwlfxodu/ wkh codz ri ghpdqg* pd| eh ylrodwhg iru
krxvlqj hyhq li krxvlqj lv qrw dq lqihulru jrrg1 Wxuqexoo ghulyhv vx!flhqw frqglwlrqv wr uxoh wklv rxw/ dqg vkrzv
wkdw zlwk frqyh{ htxloleulxp uhqw ixqfwlrqv wklv lv ohvv olnho| wr rffxu qhdu wkh xuedq shulskhu|1 Wkh idfw wkdw lw fdq
rffxu dw doo pljkw pdnh rqh ghvsdlu ri xvlqj wkhvh surshuwlhv wr whvw ru lqirup krxvlqj ghpdqg hvwlpdwhv1 Zkloh
wkh dqdo|vw pljkw vhhn frpiruw lq wkh idfw wkdw wkh dqdo|vlv irfxvhv rq orfdwlrq fkrlfh/ wkh gl!fxow| lv pxfk pruh
jhqhudo1

Wkh sureohp dulvhv ehfdxvh ri wkh hqgrjhqhlw| ri sulfhv/ dqg wkh srwhqwldo iru d krxvhkrog wr uhvsrqg wr d
sdwwhuq ri sulfh lqfuhdvhv e| qrw rqo| dowhulqj wkh dprxqw ri vsdfh wkh| frqvxph/ exw dovr wkhlu orfdwlrq +dqg
khqfh wkh sulfh ri vsdfh dqg wkhlu h�hfwlyh lqfrph,1 Lq d qrq0vsdwldo vhwwlqj/ dq doprvw lghqwlfdo sureohp dulvhv/
lq zklfk dq lqfuhdvh lq wkh jhqhudo sulfh ri dq dwwulexwh fdq jhqhudwh qrw rqo| d fkdqjh lq wkh frqvxpswlrq ri
wkdw dwwulexwh/ exw dovr d uhfrq�jxudwlrq ri wkh hqwluh gzhoolqj dqg qhljkerukrrg1 Lq jhqhudo wklv zloo fkdqjh wkh
pdujlqdo sulfh ri wkh dwwulexwh xqghu frqvlghudwlrq/ dqg wkh �qdo dgmxvwphqw lq frqvxpswlrq ri wkh dwwulexwh pd|
eh txlwh xqh{shfwhg1

Wkh prvw frpsohwh wuhdwphqw ri wklv sureohp +vxusulvlqjo| uduho| flwhg lq wkh khgrqlf olwhudwxuh, kdv ehhq
surylghg e| Eorptxlvw ^4<;<`/ zkr lqyhvwljdwhv wkh jhqhudo surshuwlhv h{klelwhg e| ghpdqgv zklfk duh rewdlqhg e|
pd{lpl}lqj d vwulfwo| txdvl0frqfdyh gl�huhqwldeoh xwlolw| ixqfwlrq vxemhfw wr d jhqhudo qrqolqhdu exgjhw frqvwudlqw
P � S +]> �, > zkhuh � lv d yhfwru ri sdudphwhuv ri wkh khgrqlf sulfh ixqfwlrq51 Eorptxlvw dvvxphv wkdw S lv
vwulfwo| lqfuhdvlqj lq ] dqg gl�huhqwldeoh/ dqg lv vxfk wkdw d xqltxh gl�huhqwldeoh vroxwlrq h{lvwv wr wkh krxvhkrog
rswlpl}dwlrq sureohp1 Fohduo| lw lv vx!flhqw iru wklv li S lv frqyh{1 Ohw ]

�

+P>�>�, uhsuhvhqw wkh khgrqlf ghpdqg
iru krxvlqj dwwulexwh l/ wkdw lv wkh l|� frpsrqhqw ri wkh vroxwlrq wr wkh sureohp=
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x+]>\>�, vxemhfw wr P � S +]> �, . \ +5145,

Iru d �{hg +PW> �W, >zh kdyh zhoo gh�qhg krxvhkrog fkrlfh jlyhq e| ]
�

+PW> �W> �, > dqg fdq gh�qh wkh olqhdul}hg
ghpdqg ]u

�

�fP>s
�
dv wkh l|� frpsrqhqw ri wkh vroxwlrq wr wkh sureohp=
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Ohw V uhsuhvhqw wkh Voxwvn| pdwul{ ri vxevwlwxwlrq whupv ghulyhg iurp wkh olqhdul}hg ghpdqgv ]u/ dqg ohw K�

5Eorptxlvw ^4<;<` grhv qrw uhihu wr � dv d ckhgrqlf sulfh* ixqfwlrq1 Wkh irfxv ri klv sdshu lv rulhqwhg wrzdugv frpsoh{ wd{ vfkhgxohv
ru zdjh ixqfwlrqv1
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uhsuhvhqw wkh pdwul{ ri vhfrqg ghulydwlyhv ri wkh khgrqlf sulfh ixqfwlrq zlwk w|slfdo hohphqw jlyhq e|=6
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Eorptxlvw vkrzv wkdw wkhuh lv d zhoo gh�qhg olqn ehwzhhq wkh lqfrph h�hfwv ri wkh wuxh khgrqlf ghpdqg dqg wkh
lqfrph h�hfw ri wkh dvvrfldwhg olqhdul}hg ghpdqg1 Wkh uhodwlrq lv jlyhq e|=
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CfP +5148,

Wklv hohjdqw irupxodwlrq looxvwudwhv krz wkh fxuydwxuh ri wkh wuxh exgjhw frqvwudlqw +fdswxuhg yld K� , dqg wkh
fxuydwxuh ri suhihuhqfhv +fdswxuhg yld V, lqwhudfw wr surgxfh d frpsoh{ uhodwlrq ehwzhhq wkh hvwlpdwhg lqfrph
h�hfwv ri wkh olqhdul}hg ghpdqg dqg wkh lqfrph h�hfwv zklfk fdq eh h{shfwhg ri d xwlolw| pd{lpl}lqj krxvhkrog1
D vlplodu h{suhvvlrq doorzv hydoxdwlrq ri wkh lpsdfwv ri d fkdqjh lq wkh sdudphwhuv � zklfk ghwhuplqh wkh khgrqlf
sulfh ixqfwlrq1 Gh�qh d yhfwru K�

w

@ Y

2
�

Y~�Yw�

/ zkrvh l|� hohphqw jlyhv wkh lpsdfw rq wkh khgrqlf sulfh ri dwwulexwh
l ri d fkdqjh lq sdudphwhu �
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zh fdq zulwh wkh lpsdfw ri wkh sdudphwhu �
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D +514:,

Djdlq/ zh vhh wkh srvvlelolw| ri h{suhvvlqj wkh dfwxdo fkdqjh lq krxvhkrog dwwulexwh ghpdqg dv d ixqfwlrq ri wkh
vwuxfwxuh ri olqhdul}hg ghpdqg +yld V dqg wkh clqfrph h�hfw* frpsrqhqw riD,/ wkh fxuydwxuh ri wkh exgjhw frqvwudlqw/
dqg wkh zd| lq zklfk wkh sdudphwhu lq txhvwlrq d�hfwv wkh exgjhw frqvwudlqw1

Wklv dqdo|vlv ghprqvwudwhv wkdw wkhuh lv qrwklqj sureohpdwlf ru lqfruuhfw lq hvwlpdwlqj olqhdul}hg ghpdqgv xvlqj
wkh ghulydwlyhv ri wkh khgrqlf sulfh ixqfwlrq dv sulfhv dqg xvlqj wkh prgl�hg lqfrph fP gh�qhg lq htxdwlrq 51461
Qrw rqo| lv vxfk d surfhgxuh fdsdeoh ri surylglqj hvwlpdwhv ri wkh sdudphwhuv ri wkh xwlolw| ru h{shqglwxuh ixqfwlrq/
exw wkh wuxh frpsdudwlyh vwdwlfv ri khgrqlf ghpdqg lq wkh qhljkerukrrg ri wkh htxloleulxp fkrlfh fdq eh rewdlqhg
e| dsso|lqj htxdwlrqv 5148 dqg 514:1

Wklv dqdo|vlv lv qrw/ krzhyhu/ dozd|v khosixo lq frqvwudlqlqj ru lqiruplqj wkh hvwlpdwlrq ri wkh olqhdul}hg gh0
pdqgv1 Vrph zulwhuv +vxfk dv PfFrqqhoo dqg Sklssv ^4<;:`, suhihu wr dyrlg wkh whup cghpdqg* dowrjhwkhu/ vlqfh wkh
cfruuhfw* khgrqlf ghpdqgv grq*w ghshqg xsrq sulfhv +exw udwkhu rq wkh sdudphwhuv ri wkh khgrqlf sulfh ixqfwlrq,
dqg wkh olqhdul}hg ghpdqgv zklfk gr ghshqg rq sulfhv duh cp|wklfdo*1 Zkdwhyhu whuplqrorj| lv suhihuuhg/ zkdw lv
fohdu lv wkdw lw lv dw ohdvw lq sulqflsoh srvvleoh wr lqihu wkh sdudphwhuv ri dwwulexwh ghpdqg gluhfwo| iurp revhuydwlrqv
ri krxvhkrog fkrlfhv dqg khgrqlf sulfhv1

Wkh sulpdu| gl!fxow| zklfk frqiurqwv vxfk lqihuhqfhv lv wkh qrqolqhdulw| ri wkh krxvhkrog exgjhw vhw1 Wkrxjk lw
lqfuhdvhv wkh frpsoh{lw| ri dqdo|vlv/ wklv gl!fxow| lv qrw lqvxuprxqwdeoh1 Iru h{dpsoh/ wkh dqdo|vlv ri Rkvihogw dqg
Vplwk ^4<<3` ghulyhv h{dfw h{suhvvlrqv iru fdofxodwlqj hodvwlflwlhv wdnlqj lqwr dffrxqw wkh qrq0olqhdulw| ri krxvhkrog
exgjhwv1 Wkhlu uhvhdufk pdnhv dq lqvljkw zklfk zloo eh lpsruwdqw lq wkh glvfxvvlrq ri zhoiduh dqdo|vlv ehorz= wkdw
colqhdul}hg* hodvwlflwlhv xqghuhvwlpdwh wkh vxevwlwxwlrq zklfk rffxuv ehwzhhq krxvlqj dwwulexwhv dqg qrq0krxvlqj
jrrgv1

516151 Zhoiduh dqdo|vlv

Frqvlghu wzr h{dpsohv ri dqdo|vlv zklfk pljkw frqvwlwxwh sodxvleoh jrdov iru dssolfdwlrq ri khgrqlf dqdo|vlv ri
krxvlqj pdunhwv= hydoxdwlrq ri wkh zhoiduh h�hfwv ri krxvlqj uhjxodwlrq/ dqg dqwlflsdwlrq ri wkh frqvhtxhqfhv ri dq
lqfuhdvh lq lqfrph rq krxvlqj ghpdqg1 Zh frqwlqxh wr dvvxph wkdw wkh khgrqlf sulfh ixqfwlrq lv frqyh{/ vr wkdw
krxvhkrog fkrlfh vhwv duh dovr frqyh{1

6Fohduo| wklv pdwul{ frpsulvhv wkh �uvw a urzv dqg froxpqv ri wkh khvvldq pdwul{ ri wkh khgrqlf sulfh ixqfwlrq1
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Iljxuh 515= Hvwlpdwhg dwwulexwh ghpdqg fdq ryhuvwdwh zhoiduh frvwv

Iljxuh 515 looxvwudwhv wkh vlwxdwlrq ri d krxvhkrog kdylqj lqfrph P
�
zkr dfklhyhv wkh pd{lpxp xwlolw| ohyho X

�

e| sxufkdvlqj d krxvh zlwk txdqwlw| ]
�
ri wkh dwwulexwh1 Vxssrvh wkdw d frqvwudlqw rq krxvhkrog ehkdylru uhtxluhv

wkhp wr lqvwhdg sxufkdvh txdqwlw| ]
�
ri wkh dwwulexwh71 Wklv irufhv wkhp wr xwlolw| ohyho X

f
dqg frxog eh uhdvrqdeo|

vdlg wr jhqhudwh d zhoiduh frvw zkrvh lqfrph htxlydohqw lv P
�
�P

f
=

Vxssrvh zh xwlol}h wkh vwdqgdug h{shqglwxuh ixqfwlrq ghulyhg iurp wkh suhihuhqfhv zh kdyh hvwlpdwhg xvlqj
colqhdul}hg* exgjhwv dqg dgmxvwhg lqfrph dv rxwolqhg deryh1 Iurp wkh hvwlpdwhg h{shqglwxuh ixqfwlrq zh frxog
sdudphwul}h xwlolw| wr ghwhuplqh xwlolw| ohyhov X

�
dqg X

f
1 Zh pljkw wkhq wu| wr hvwlpdwh wkh zhoiduh frvw xvlqj wklv

h{shqglwxuh ixqfwlrq/ dqg wkh hvwlpdwh zrxog eh H +S
~

> X
�
,�H +S

~

> X
f
, @ H � I lq �jxuh 515/ zkhuh wkh khgrqlf

sulfh ri wkh dwwulexwh S
~

lv khog frqvwdqw1 Zkdw uhodwlrq grhv wklv hvwlpdwh kdyh wr wkh fruuhfw pdjqlwxgh P
�
�P

f
B

Dv lqglfdwhg lq wkh gldjudp/ wkh zhoiduh orvv hvwlpdwhg iurp wkh frqyhqwlrqdo h{shqglwxuh ixqfwlrq lv xvxdoo|
juhdwhu wkdq wkh wuxh zhoiduh frvw/ dqg wkh huuru lv lqglfdwhg e| %= Wklv huuru uhvxowv iurp wkh frqyh{lw| ri
wkh khgrqlf exgjhw frqvwudlqw dqg wkh idloxuh ri wkh xvxdo whfkqltxh xvlqj wudglwlrqdo h{shqglwxuh ixqfwlrqv wr
dffrxqw iru wkh hqgrjhqhlw| ri sulfh1 Wklv lv uhodwhg wr wkh revhuydwlrq qrwhg e| Rkvihogw dqg Vplwk ^4<<3` wkdw
qrq0olqhdulw| ri wkh exgjhw jhqhudwhv juhdwhu vxevwlwxwlrq ehwzhhq krxvlqj dwwulexwhv dqg qrq0krxvlqj jrrgv +wkh
frpsrvlwh frpprglw|,1

Rqh flufxpvwdqfh lq zklfk wkh wudglwlrqdo dssurdfk jlyhv dq h{dfw hydoxdwlrq lv li wkhuh lv c}hur lqfrph h�hfw* lq
ghpdqg iru wkh dwwulexwh1 Lq vxfk dq xqolnho| fdvh wkh xwlolw| pd{lpl}lqj fkrlfh iru d krxvhkrog idflqj wkh uhgxfhg
lqfrph ohyho P

f
zrxog lqyroyh qr fkdqjh lq wkh txdqwlw| ri wkh dwwulexwh/ dqg wkh fkdqjh lq wrwdo h{shqglwxuhv

zrxog htxdo wkh htxlydohqw fkdqjh lq lqfrph1
Wkh qrqolqhdulw| ri exgjhwv dovr kdv lpsolfdwlrqv iru iruhfdvwlqj wkh uhvsrqvh ri krxvh dwwulexwh ghpdqg wr d

fkdqjh lq krxvhkrog lqfrph1 Djdlq uhihuulqj wr �jxuh 515/ wkh hvwlpdwhg ghpdqg vwuxfwxuh zrxog ohdg xv wr h{shfw
dq lqfuhdvh lq dwwulexwh ghpdqg iurp ]

f
wr ]

�
wr eh jhqhudwhg e| dq lqfuhdvh lq lqfrph ri H�I 1 Lq idfw/ ghpdqg zloo

7Zh pljkw fdoo wklv h{dpsoh codujh orw }rqlqj*/ h{fhsw wkdw vwulfwo| vshdnlqj vxfk d v|vwhp zlgh uhjxodwlrq zrxog dovr fkdqjh
wkh htxloleulxp khgrqlf sulfh ixqfwlrq � E~� � Shukdsv wkh h{wud uhtxluhg sdlqwlqj ri d krph zlwk cklvwrulf* ghvljqdwlrq zrxog eh dq
dssursuldwh lqwhusuhwdwlrq1
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eh vrphzkdw pruh lqfrph hodvwlf/ zlwk wklv fkdqjh lq dwwulexwh ghpdqg ehlqj jhqhudwhg e| wkh vpdoohu lqfuhdvh
lq lqfrph ri P

�
� P

f
1 Fohduo|/ wkh dffxudf| ri dssur{lpdwlrq rewdlqhg xvlqj wkh frqyhqwlrqdo colqhdu exgjhw*

frqvwuxfwv wr dqdo|}h krxvhkrog fkrlfh lq d khgrqlf iudphzrun ghshqgv xsrq wkh vwuxfwxuh ri suhihuhqfhv dqg wkh
fxuydwxuh ri wkh khgrqlf sulfh ixqfwlrq1

Iljxuh 516= Phdvxulqj zhoiduh h�hfwv ri d sulfh fkdqjh

Vlplodu sureohpv dulvh zkhq zh vhhn wr hydoxdwh wkh lpsdfw ri d fkdqjh lq wkh khgrqlf sulfh ixqfwlrq1 Ri frxuvh/
wkhuh duh d zlgh ydulhw| ri srvvleoh fkdqjhv/ exw vxssrvh zh frqvlghu dq clqfuhdvh* lq wkh khgrqlf sulfh lq zklfk dw
hyhu| ohyho ri dwwulexwh frqvxpswlrq/ wkh khgrqlf sulfh lqfuhdvhv vr wkdw wkh exgjhw olqh lv cvwhhshu*1 Vxfk d vlwxdwlrq
lv looxvwudwhg lq �jxuh 516/ zkhuh wkh exgjhw olqh surgxfhg e| wkh khgrqlf sulfh ixqfwlrq lv urwdwhg grzqzdugv e|
wkh sulfh lqfuhdvh1 Wkh krxvhkrog uhvsrqgv e| fkdqjlqj iurp rswlpdo fkrlfh E wr fkrlfh F= Lw lv uhdvrqdeoh wr vhhn
wr phdvxuh wkh yduldwlrq lq lqfrph zklfk lv htxlydohqw wr wklv sulfh fkdqjh1

Iljxuh 516 lqglfdwhv wkdw li wkh khgrqlf dwwulexwh sulfhv zhuh nhsw frqvwdqw exw lqfrph zhuh uhgxfhg e|P
�
�P

f
>

wkhq wkh h�hfw rq zhoiduh zrxog eh wkh vdph dv wkh lqfuhdvh lq dwwulexwh sulfh1 Xvlqj d frqyhqwlrqdo phdvxuh ri wkh
zhoiduh h�hfw edvhg rq wkh h{shqglwxuh ixqfwlrq zrxog jlyh H � I dv wkh fkdqjh lq lqfrph zklfk lv htxlydohqw wr
wkh sulfh lqfuhdvh1 Dv lqglfdwhg wklv ryhuhvwlpdwhv wkh dfwxdo zhoiduh h�hfw e| %1 Wkh dffxudf| ri wkh dssur{lpdwlrq
zloo ghshqg rq wkh qrqolqhdulw| ri wkh khgrqlf sulfh ixqfwlrq dqg wkh vwuxfwxuh ri suhihuhqfhv1

Wkxv d edvlv h{lvwv iru xvlqj hvwlpdwhg khgrqlf sulfhv dqg prgl�hg lqfrph ohyhov wr hvwlpdwh wkh vwuxfwxuh ri
ghpdqg1 D ydulhw| ri hfrqrphwulf gl!fxowlhv frqiurqw vxfk hvwlpdwlrq/ dqg wkhvh duh glvfxvvhg ehorz lq vhfwlrq 6151
Wr eh prvw xvhixo d sdudphwulf irup zrxog eh fkrvhq zklfk lv h{solflwo| ghulyhg iurp dq xqghuo|lqj h{shqglwxuh
ru xwlolw| ixqfwlrq/ exw lq wklv uhvshfw khgrqlf dqdo|vlv ri krxvh dwwulexwh ghpdqg lv qr gl�huhqw iurp rwkhu w|shv
ri ghpdqg dqdo|vlv1

Eduwln ^4<;;` kdv surylghg d frpsuhkhqvlyh jxlgh wr dffxudwh phdvxuhphqw ri ehqh�wv iurp fkdqjhv lq krxvh
dwwulexwhv ru hqylurqphqwdo dphqlwlhv xvlqj khgrqlf sulfh prghov1 Wkh phwkrgv glvfxvvhg lpsolflwo| surylgh d zd|
wr hvwlpdwh wkh huuru % lq wkh olqhdul}hg zhoiduh phdvxuh qrwhg deryh1 Dowkrxjk gl!fxow wr lpsohphqw/ lw lv srvvleoh
wr rewdlq dq h{dfw zhoiduh phdvxuh1 Lq sudfwlfh/ pdq| vwxglhv frppxqlfdwh wkh dssur{lpdwh zhoiduh phdvxuh/ exw
lw lv lpsruwdqw wr qrwh wkdw wklv lv dw ehvw dq dssur{lpdwlrq1
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5171 Khgrqlf sulfh lqglfhv

Ehiruh surfhhglqj wr glvfxvv lpsohphqwdwlrq ri khgrqlf dqdo|vlv ri ghpdqg/ zh qrwh wkdw d juhdw ghdo ri lqwhuhvw
irfxvhv sxuho| rq wkh xvh ri hvwlpdwhg khgrqlf sulfh ixqfwlrqv iru wkh frqvwuxfwlrq ri sulfh dqg txdqwlw| lqglfhv1
Lqghhg/ vxfk lqglfhv kdyh ehhq wkh sulpdu| prwlydwlrq iru pxfk ri wkh khgrqlf olwhudwxuh/ sduwlfxoduo| wkdw zklfk
ehjlqv zlwk Julolfkhv ^4<94`1 Wkhuh kdyh ehhq d ydulhw| ri lqwhuhvwlqj frqwulexwlrqv lq wklv duhd/ lqfoxglqj d uhodwlyho|
frpsuhkhqvlyh phwkrg iru frqvwuxfwlqj sulfh lqglfhv suhvhqwhg lq Ihhqvwud ^4<<8`1 Frpsdulvrqv ri vrph ri wkh
dowhuqdwlyh phwkrgv xvhg iru hvwlpdwlrq kdyh ehhq suhvhqwhg e| Phhvh dqg Zdoodfh ^4<<:`1

61 Lpsohphqwdwlrq

6141 Hvwlpdwlrq ri khgrqlf sulfh ixqfwlrqv

Dv phqwlrqhg lq wkh lqwurgxfwlrq/ wkh slrqhhulqj vwxg| e| Zdxjk ^4<5<` uhsuhvhqwhg qrw rqo| wkh �uvw dwwhpsw wr
hvwlpdwh d khgrqlf sulfh ixqfwlrq/ exw dovr d yhu| hduo| dssolfdwlrq ri pxowlyduldwh whfkqltxhv wr wkh dqdo|vlv ri
hfrqrplf gdwd1 Lw lv shukdsv d vxusulvh wkdw rqh ri wkh �uvw dssolfdwlrqv ri pxowlsoh uhjuhvvlrq vkrxog kdyh ehhq wr
d sureohp zklfk lv lq idfw yhu| gl!fxow1 Wklv pd| dffrxqw iru wkh frqwlqxhg dwwhqwlrq zklfk wkh sureohp gudzv
iurp hfrqrphwulfldqv dqg dssolhg hfrqrplvwv1 Hvwlpdwlrq ri khgrqlf sulfhv frqiurqwv wkh hfrqrplvw zlwk d ulfk
vdpsolqj ri wkh vwdqgdug gl!fxowlhv wkdw dulvh lq hvwlpdwlrq xvlqj furvv0vhfwlrq gdwd1 Wkhvh lqfoxgh fkrlfhv ri wkh
surshu sdudphwulf vshfl�fdwlrq � erwk ri ixqfwlrqdo irup dqg ri yduldeohv wr eh lqfoxghg � frslqj zlwk frolqhdulw|
dqg loo0frqglwlrqhg gdwd/ srwhqwldo khwhurvfhgdvwlf dqg qrq0qrupdo huuruv/ uhjuhvvruv vxemhfw wr phdvxuhphqw huuru/
dqg pd{lpxp olnholkrrg hvwlpdwlrq ri uhodwlrqvklsv zklfk duh qrq0olqhdu1

Frqiurqwhg zlwk wkhvh gl!fxowlhv/ d ydulhw| ri dssurdfkhv duh srvvleoh1 Zh uhylhz khuh vrph zklfk dsshdu
wr eh prvw xvhixo ru surplvlqj/ dorqj zlwk wkh wudglwlrqdo1 Fkrrvlqj dq hvwlpdwlrq phwkrgrorj| fdqqrw eh grqh
lqghshqghqw ri frqvlghudwlrq ri wkh sduwlfxodu gdwd vrxufhv dydlodeoh dqg wkh remhfwlyhv ri wkh dqdo|vlv1 Iru h{dpsoh/
wkh cehvw* dssurdfk wr xvh zloo jhqhudoo| ghshqg rq zkhwkhu wkh hvwlpdwhg khgrqlf sulfh ixqfwlrq lv wr eh xvhg wr
lqihu wkh lpsolflw sulfhv ri dwwulexwhv/ ru vlpso| wr iruhfdvw ru dssudlvh wkh ydoxh ri lqglylgxdo surshuwlhv1

Zh �uvw glvfxvv wkh wudglwlrqdo sdudphwulf dssurdfkhv lq zklfk d vshfl�f ixqfwlrqdo irup lv fkrvhq/ dqg wkh
sdudphwhuv zklfk gh�qh lw duh hvwlpdwhg1 Wklv lv iroorzhg e| qrwlqj wkh dowhuqdwlyh qrq0sdudphwulf ru vhpl0
sdudphwulf dssurdfkhv zklfk pdnh lqihuhqfhv derxw wkh lpsolflw sulfhv ri dwwulexwhv zlwkrxw lpsrvlqj d sulrul d
ixqfwlrqdo uhodwlrq ehwzhhq wkh wrwdo sulfh ri wkh krxvh dqg wkh txdqwlwlhv ri dwwulexwhv zklfk fkdudfwhul}h lw1

614141 Sdudphwulf dssurdfkhv

Iurp wkh hduo| zrun ri Zdxjk ^4<5<`/ Frxuw ^4<6<`/ dqg Julolfkhv ^4<94` wr wkh prvw uhfhqw vwxglhv/ wkh vwdqgdug
dssurdfk wr hvwlpdwlrq ri wkh khgrqlf sulfh ixqfwlrq kdv ehhq wr dgrsw vrph irup ri sdudphwulf dssurdfk1 Wklv
phdqv wkdw wkh dqdo|vw pxvw fkrrvh d ixqfwlrqdo irup zkrvh dfwxdo ydoxhv duh ghwhuplqhg e| d �qlwh qxpehu ri
sdudphwhuv1 Wkh hvwlpdwlrq wkhq surfhhgv e| vhohfwlqj wkrvh sdudphwhu ydoxhv uhvxowlqj lq d khgrqlf sulfh ixqfwlrq
zklfk jlyhv wkh cehvw �w* wr wkh gdwd1

Wklv surfhgxuh kdv hyroyhg lq vhyhudo zd|v/ dv doorzhg e| wkh frqvwudlqwv ri frpsxwdwlrq whfkqrorj|/ wkh dydlo0
delolw| ri gdwd/ dqg xqghuvwdqglqj ri wkh qdwxuh ri vwdwlvwlfdo sureohpv lqyroyhg1 Vwxglhv vxfk dv Ulgnhu dqg Khqqlqj
^4<9:`/ Ndlq dqg Txljoh| ^4<:3`/ Kduulvrq dqg Uxelqihog ^4<:;`/ Jrrgpdq ^4<:;`/ dqg Olqqhpdq ^4<;4` kdyh whqghg
wr uho| rq olqhdu ru orjdulwkplf sdudphwulf irupv zklfk shuiruphg uhdvrqdeo| zhoo dqg zhuh frpsxwdwlrqdoo| ihd0
vleoh wr hvwlpdwh1 Lq wkh 4<;3*v/ ehjlqqlqj zlwk wkh zrun ri Olqqhpdq ^4<;3`/ khgrqlf vwxglhv ehjdq wr pdnh xvh
ri pruh  h{leoh ixqfwlrqdo irupv rewdlqhg e| dsso|lqj wkh Er{0Fr{ wudqvirupdwlrq hlwkhu wr krxvlqj sulfhv ru qrq0
glfkrwrprxv dwwulexwh txdqwlwlhv1 Wklv wudqvirupdwlrq xvhv d vlqjoh sdudphwhu � wr wudqvirup wkh yduldeoh { dv
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Wkh prgho surfhhgv e| h{suhvvlqj wudqviruphg sulfh dv d olqhdu ru txdgudwlf ixqfwlrq ri wudqviruphg dwwulexwh
txdqwlwlhv/ zlwk wkh wudqvirupdwlrq sdudphwhuv ehlqj srvvleo| gl�huhqw ehwzhhq wkh yduldeohv/ dqg hvwlpdwhg dorqj
zlwk wkh rwkhu sdudphwhuv1

Dowkrxjk pruh frpsolfdwhg wr hvwlpdwh/ sduwlfxoduo| xvlqj frpsxwdwlrqdoo| vlpsoh whfkqltxhv +dv qrwhg e|
Vslw}hu ^4<;5` dqg ixuwkhu lqyhvwljdwhg e| Eodfnoh|/ Iroodlq/ dqg Rqgulfk ^4<;7`, lqfuhdvhg frpsxwlqj srzhu hyhq0
wxdoo| pdgh pd{lpxp olnholkrrg hvwlpdwlrq ri vxfk prghov uhodwlyho| vwudljkwiruzdug/ hyhq zlwk d odujh qxpehu
ri dwwulexwhv1 Frpelqhg zlwk wkh dqdo|vlv ri Kdoyruvhq dqg Sroodnrzvnl ^4<;4` zklfk lghqwl�hg vrph sduwlfxoduo|
vwurqj ihdwxuhv ri prghov edvhg rq wkh Er{0Fr{ wudqvirupdwlrq/ pdq| vwxglhv ehjdq/ dqg vwloo gr/ uho| xsrq wklv
vruw ri sdudphwulf dssurdfk1

Wklv dssurdfk lv qrw/ krzhyhu/ iuhh ri doo gl!fxowlhv1 D sureohp revhuyhg e| Fdvvho dqg Phqghovrkq ^4<;8`
lv wkdw irfxv rq wudglwlrqdo prgho vshfl�fdwlrq fulwhuld zklfk hpskdvl}h wkh suhglfwlyh fdsdelolw| ri wkh prgho lv
qrw dozd|v dssursuldwh lq hvwlpdwlqj d khgrqlf prgho1 Li wkh prgho lv hvwlpdwhg iru wkh vroh sxusrvh ri suhglfwlqj
wrwdo krxvh ydoxhv/ wkhq fkrrvlqj wkh sdudphwulf irup zklfk jlyhv wkh ehvw srvvleoh c�w* lv txlwh dssursuldwh1 Riwhq/
krzhyhu/ wkh remhfwlyh ri hvwlpdwlqj d khgrqlf sulfh ixqfwlrq lv wr ghwhuplqh wkh lpsolflw sulfhv ri dwwulexwhv1 Iru
wklv remhfwlyh/ plqlpl}dwlrq ri wkh vtxduhg suhglfwlrq huuru pd| eh txlwh lqdssursuldwh/ dqg d prgho zklfk c�wv wkh
gdwd* zhoo lq wklv vhqvh pd| eh ohvv vdwlvidfwru| wkdq dqrwkhu zlwk ohvv suhglfwlyh srzhu exw pruh vwdeoh sdudphwhu
hvwlpdwhv1

Wkh lqwhuhvwlqj sdshu ri Fursshu/ Ghfn/ dqg PfFrqqhoo ^4<;;` lqyhvwljdwhv suhflvho| wklv lvvxh1 Wkh| vlpxodwh
krxvlqj pdunhw htxloleuld xvlqj krxvlqj vwrfn gdwd iurp dq dfwxdo xuedq duhd dqg ydu|lqj wkh sdudphwhu ri wkh
krxvhkrog xwlolw| ixqfwlrqv1 Wkh| fdq wkhq ghwhuplqh dqdo|wlfdoo| wkh wuxh htxloleulxp sulfh ixqfwlrqv/ dqg wkh
sulfhv ri vwuxfwxuhv fdq eh xvhg wr hvwlpdwh khgrqlf sulfh ixqfwlrqv dqg pdujlqdo elgv/ frpsdulqj wkh hvwlpdwhv
rewdlqhg iurp gl�huhqw ixqfwlrqdo irupv zlwk wkh cwuxh* ydoxhv1 Wkh| hydoxdwhg olqhdu/ orj0olqhdu/ txdgudwlf/ olqhdu
Er{0Fr{/ dqg txdgudwlf Er{0Fr{ prghov/ dqg rewdlqhg vhyhudo vxusulvlqj uhvxowv1 Prghov zhuh hydoxdwhg qrw e|
krz zhoo wkh| �w wkh gdwd/ exw e| krz dffxudwho| wkh| hvwlpdwhg wuxh pdujlqdo elgv1 Zkhq doo ydoxdeoh dwwulexwhv
zhuh revhuyhg/ dqg zlwkrxw phdvxuhphqw huuru/ wkh prgho zklfk zdv olqhdu lq Er{0Fr{ yduldeohv shuiruphg wkh
ehvw zkloh wkh txdgudwlf Er{0Fr{ shuiruphg wkh zruvw1

Zkhq vrph lpsruwdqw dwwulexwhv zhuh rplwwhg ru revhuyhg lpsuhflvho|/ wkh vlpsohu irupv vxfk dv olqhdu Er{0Fr{
dqg orjdulwkplf irupv zhuh wkh prvw dffxudwh1 Wkh| dwwulexwh wklv dw ohdvw lq sduw wr wkh idfw wkdw lq txdgudwlf
irupv/ hdfk khgrqlf sulfh ghshqgv rq pruh frh!flhqwv wkdq lq wkh pruh qhduo| olqhdu fdvhv1

Uhodwhg wr wkh lvvxh ri wkh sdudphwulf irup ri wkh khgrqlf sulfh ixqfwlrq duh lvvxhv ri zklfk yduldeohv wr lqfoxgh
dqg wkh zd| lq zklfk wkh| vkrxog hqwhu1 Frqvlghu/ iru h{dpsoh/ wkh uroh ri orw vl}h ru odqg duhd1 H{dplqdwlrq
ri dq| vwdqgdug suhvhqwdwlrq ri xuedq hfrqrplf wkhru| uhyhdov wkh fhqwudo uroh sod|hg e| prghov ri odqg ydoxh
ghwhuplqdwlrq1 Rqh pljkw uhdvrqdeo| dvvhuw wkdw d fhqwudo sulqflsdo ri xuedq hfrqrplfv lv wkdw wkh sulfh ri odqg
zloo ydu| zlwk orfdwlrq/ dqg wklv ydu|lqj odqg sulfh lv zkdw surgxfhv wkh ydu|lqj w|shv dqg lqwhqvlw| ri odqg xvh lq
flwlhv1

Jlyhq wklv revhuydwlrq/ lw lv vxusulvlqj krz pdq| khgrqlf prghov odfn hlwkhu d yduldeoh iru odqg duhd ru d yduldeoh
zklfk h{solflwo| lghqwl�hv wkh orfdwlrq ri wkh vwuxfwxuh81 Yhu| ihz prghov h{solflwo| lqfrusrudwh d odqg ydoxh ixqfwlrq
zklfk ghshqgv xsrq orfdwlrq1 Wzr h{fhswlrqv wr wklv duh Mdfnvrq dqg Ndvhupdq ^4<;7` dqg Fkhvkluh dqg Vkhssdug
^4<<8`1 Erwk ri wkhvh vwxglhv duh deoh wr rewdlq uhdvrqdeoh hvwlpdwhv ri wkh ydoxh ri odqg lq uhvlghqwldo xvh/ dqg wr
uhmhfw wkh k|srwkhvlv wkdw wklv ydoxh lv frqvwdqw ryhu orfdwlrqv1 Uhfhqw uhvhdufk e| Frozhoo dqg Pxqqhnh ^4<<:`/
zkr vwxglhg sulfhv ri ydfdqw odqg/ kdv dovr vkrzq wkdw odqg sulfhv duh prvw gh�qlwho| qrw frqvwdqw ryhu orfdwlrqv1

Zkloh lw lv frpprqsodfh wr mxvwli| dgrswlrq ri d  h{leoh irup iru hvwlpdwlrq ri d khgrqlf sulfh ixqfwlrq e|
revhuylqj wkdw cwkhru| sodfhv ihz uhvwulfwlrqv* rq wkh irup/ wkhuh duh dw ohdvw vrph uhvwulfwlrqv1 Dv revhuyhg
deryh/xuedq hfrqrplf wkhru| vxjjhvwv wkdw wkh irup vkrxog lqfoxgh odqg ydoxhv zklfk ghshqg rq orfdwlrq1 Ixuwkhu0
pruh/ Mrqhv ^4<;;` kdv vkrzq wkdw lq htxloleulxp wkh khgrqlf sulfh ixqfwlrqv vkrxog eh frqyh{1 Wklv jxdudqwhhv
frqyh{lw| ri frqvxphu exgjhw vhwv dqg/ zlwk frqyh{lw| ri suhihuhqfhv/ hvwdeolvkhv frqwlqxlw| surshuwlhv ri krxvhkrog
dwwulexwh ghpdqg1 Dowkrxjk Dqghuvrq ^4<;8` ghyhorsv dqg dssolhv d whvw ri khgrqlf ixqfwlrq frqyh{lw|/ lw lv djdlq

8Hyhq zruvh/ vrph vwxglhv odfn erwk1
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vxusulvlqj krz ihz vxevhtxhqw vwxglhv kdyh dssolhg wklv vlpsoh whvw1 Wkh vwxg| ri Frozhoo dqg Pxqqhnh ^4<<:` lv
zruwk phqwlrqlqj djdlq dw wklv srlqw ehfdxvh lq h{dplqdwlrq ri sulfhv ri ydfdqw odqg wkh| rewdlq frqfdylw| ri wkh
sulfh ixqfwlrq iru odqg1 Zkhwkhu wklv krogv pruh jhqhudoo| iru odqg dv dq dwwulexwh lq krxvlqj pdunhwv kdv qrw ehhq
zlgho| lqyhvwljdwhg1

D wklug zd| lq zklfk wkhru| pljkw vxjjhvw dssursuldwh uhvwulfwlrqv rq wkh sdudphwulf vwuxfwxuh ri wkh khgrqlf
sulfh ixqfwlrq hvwlpdwhg frqfhuqv sxeolf jrrgv ru hqylurqphqwdo dphqlwlhv1 Sduvrqv ^4<<3` dujxhv iru zhljkwlqj
orfdo sxeolf jrrgv dqg qhljkerukrrg dphqlwlhv e| orw vl}h/ edvhg rq odqg pdunhw htxloleulxp dqg wkh idfw wkdw
frqvxpswlrq ri wkhvh dphqlwlhv lv olplwhg e| dydlodeoh odqg iru uhvlghqwldo frqvxpswlrq1 Zkloh klv dujxphqw ghshqgv
rq dq dvvxpswlrq wkdw frqvxpswlrq ri wkhvh dwwulexwhv lv qrq0h{foxvlyh +dqg wkhuhiruh pd| qrw eh dssursuldwh iru
vrph orfdo dwwulexwhv vxfk dv vfkrrov ru sdunv,/ iru d juhdw pdq| hqylurqphqwdo dphqlwlhv klv dqdo|vlv vxjjhvwv d
uhdvrqdeoh wkhruhwlfdo frqvwudlqw rq wkh sdudphwulf vshfl�fdwlrq iru khgrqlf prghov1

Vshfl�fdwlrq Pdq| ri wkh lvvxhv udlvhg deryh pljkw eh ylhzhg xqghu wkh jhqhudo khdglqj ri cprgho vshfl�fdwlrq*
iru wkh khgrqlf sulfh ixqfwlrq1 Ryhu wkh sdvw ghfdgh/ wklv wrslf kdv jhqhudwhg frqvlghudeoh lqwhuhvw dprqjvw
hfrqrphwulfldqv1 Vhyhudo vwxglhv kdyh frqvlghuhg whfkqltxhv iru whvwlqj ru hydoxdwlqj dowhuqdwlyh vshfl�fdwlrqv iru
wkh khgrqlf sulfh ixqfwlrq1 Dprqj wkhvh duh Exwohu ^4<;5`/ Plorq/ Juhvvho/ dqg Pxonh| ^4<;7`/ Gxelq dqg Vxqj
^4<<3`/ Exujhvv dqg Kduprq ^4<<4`/ dqg Fudlj/ Nrkokdvh/ dqg Sdshoo ^4<<4`1

Wklv odvw sdshu lv lqwhuhvwlqj ehfdxvh lw lqwurgxfhv d qhz whvw zklfk lv sduwlfxoduo| dssursuldwh lq wkh vhwwlqj
ri khgrqlf hvwlpdwlrq1 Wkh| dsso| wkh whvw wr krxvlqj pdunhw gdwd wr whvw iru wkh v|vwhpdwlf qrqolqhdulwlhv lq
wkh uhodwlrqvkls ehwzhhq vwuxfwxuh sulfh dqg dwwulexwh txdqwlw|1 Lq dgglwlrq wr whvwlqj iru wkh dssursuldwhqhvv
ri qrqolqhdulwlhv lq wkh ixqfwlrqdo irup/ wkh whvw fdq dovr surylgh dq lqglfdwlrq ri lpsruwdqw rplwwhg yduldeohv1
Lqwhuhvwlqjo| +dqg d sursrv wkh frpphqwv deryh derxw wkh qhhg wr lqfoxgh odqg duhd zklfk ydulhv zlwk orfdwlrq,
wkhlu dqdo|vlv lghqwl�hg dq lqdelolw| wr cglvfryhu d vshfl�fdwlrq iru orw vl}h zklfk 111 sdvvhv* wkh whvw wkh| ghulyh1
Zkhwkhu d vshfl�fdwlrq wkdw glg qrw lpsrvh vsdwldoo| lqyduldqw odqg ydoxh zrxog sdvv zdv qrw whvwhg1

Frolqhdulw| dqg huuru vwuxfwxuh Wzr hfrqrphwulf sureohpv zklfk vhhp lqwulqvlf wr hvwlpdwlrq ri khgrqlf sulfh
ixqfwlrqv duh froolqhdulw| ru loo0frqglwlrqhg gdwd dqg odfn ri vwrfkdvwlf lqghshqghqfh ehwzhhq revhuydwlrqv1 Wkh �uvw
sureohp kdv uhfhlyhg frqvlghudeoh dwwhqwlrq lq wkh olwhudwxuh1 Rqo| uhfhqwo| kdv wkh vhfrqg ehjxq wr eh dgguhvvhg1

Lw vhhpv qdwxudo wr h{shfw froolqhdulw| wr srvh d sureohp iru wkh hvwlpdwlrq ri khgrqlf sulfhv1 Ehfdxvh ri
vlplodulw| lq wkh suhihuhqfhv ri krxvhkrogv dqg olplwv rq wkh whfkqrorj| ri krxvh frqvwuxfwlrq/ wkhuh duh lqwulqvlf
olplwv wr wkh h{whqw ri yduldqfh ri dwwulexwhv zklfk zh duh olnho| wr revhuyh1 Wkh pruh olplwhg lv wklv yduldqfh +dqg
wkh juhdwhu wkh h{whqw wr zklfk wkh yduldeohv whqg wr pryh wrjhwkhu, wkh ohvv zloo eh wkh suhflvlrq zlwk zklfk prgho
sdudphwhuv duh hvwlpdwhg1 Wklv lv d sduwlfxodu sureohp iru khgrqlf hvwlpdwlrq zkhuh wkh suhflvlrq ri sdudphwhu
hvwlpdwlrq lv lpsruwdqw iru rewdlqlqj dffxudwh hvwlpdwhv ri dwwulexwh sulfhv1

Dv lv uhdvrqdeo| zlgho| nqrzq +vhh iru h{dpsoh Ehovoh| dqg Zhovfk ^4<;3`, wkhuh lv uhdoo| rqo| rqh zd| wr
cvroyh* wkh sureohp ri froolqhdulw|= jhw pruh lqirupdwlrq1 Wklv lqirupdwlrq pljkw frph iurp odujhu ru ulfkhu gdwd
vrxufhv1 Dowhuqdwlyho|/ zh pljkw wxuq wr irupdo zd|v ri lqfrusrudwlqj qrq0vdpsoh lqirupdwlrq lqwr rxu hvwlpdwhv
xvlqj vrph vruw ri Ed|hvldq whfkqltxh1 Uhfhqw vwxglhv e| Nqljkw/ Kloo/ dqg Vlupdqv ^4<<6` dqg Jlooh| dqg Sdfh
^4<<8` kdyh dssolhg dqg hydoxdwhg wklv dssurdfk1 Wkh �uvw vwxg| xvhv Prqwh Fduor whfkqltxhv wr hydoxdwh Ed|hvldq
yhuvlrqv ri Vwhlq0olnh hvwlpdwruv dqg vkrzv wkdw dffruglqj wr vhyhudo fulwhuld wkh dssurdfkhv edvhg rq qrq0vdpsoh
gdwd hpslulfdoo| grplqdwh ohdvw vtxduhv dssurdfkhv1

Wkh vwxg| e| Jlooh| dqg Sdfh lv sduwlfxoduo| lpsruwdqw ehfdxvh lw looxvwudwhv dq lqqrydwlyh xvh ri lqirupdwlrq
zklfk vkrxog eh dydlodeoh lq doprvw doo dssolhg vhwwlqjv1 Dv qrwhg lq vhfwlrq 515 deryh/ htxloleulxp lq dq lpsolflw
pdunhw lqyroyhv d wdqjhqf| ehwzhhq frqvxphu elg ixqfwlrqv dqg surgxfhu frvw ixqfwlrqv1 Wkxv wkh khgrqlf sulfh
vkrxog eh htxdo wr erwk wkh krxvhkrog pdujlqdo zloolqjqhvv0wr0sd| +htxdwlrq 517, dqg dovr wkh pdujlqdo frvw ri
pdnlqj wkh dwwulexwh dydlodeoh +htxdwlrq 51;,1 Lq pdq| pdunhwv wkhuh duh vwdqgdug frqvwuxfwlrq frvw gdwd vrxufhv
zklfk jlyh vrph hvwlpdwh ri wkh pdujlqdo frvw ri dwwulexwh vxsso|1 Zkloh wkhvh zrxog dsso| sulpdulo| wr qhz
frqvwuxfwlrq/ wkh| pd| frqvwlwxwh d ydoxdeoh vrxufh ri qrq0vdpsoh lqirupdwlrq zklfk fdq eh xvhg wr lqirup d sulru
glvwulexwlrq lq d Ed|hvldq hvwlpdwlrq surfhgxuh1
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Wkh vsdwldo vwuxfwxuh ri krxvlqj pdunhwv kdv ehhq qrwhg deryh/ dqg lv reylrxv wr dq|rqh hqjdjhg lq dqdo|vlv
ri wkh krxvlqj pdunhw1 Wklv pljkw ohdg rqh wr eh frqfhuqhg derxw vsdwldo olqndjhv ehwzhhq huuruv lq khgrqlf sulfh
prghov= wkdw lv d odfn ri vwrfkdvwlf lqghshqghqfh ehwzhhq revhuydwlrqv/ lq zklfk wkh huuru ri dq revhuydwlrq lv
fruuhodwhg zlwk wkrvh revhuydwlrqv wkdw duh orfdwhg qhdue|1 Lq dqdorj| zlwk wkh frpprq wlph vhulhv gl!fxow|/ wklv
sureohp lv whuphg vsdwldo dxwrfruuhodwlrq/ dqg li suhvhqw lw ohdgv wr vlplodu gl!fxowlhv dv dulvh lq wlph vhulhv prghov1

Wkh suhvhqfh ri wklv sureohp dqg srvvleoh fruuhfwlrqv kdyh ehhq lqyhvwljdwhg e| Gxelq ^4<;;`/ Gxelq ^4<<5`/ dqg
Fdq ^4<<5`1 Dowhuqdwlyh hvwlpdwlrq vwudwhjlhv zklfk dffrxqw iru wkh vsdwldo dxwrfruuhodwlrq duh vhhq wr eh zduudqwhg/
dqg wkh uhvxowv vxjjhvw wkdw prghov zklfk dffrxqw iru wkhvh w|shv ri vsdwldo vwuxfwxuh duh olnho| wr surgxfh pruh
uholdeoh uhvxowv1

614151 Qrq0sdudphwulf dssurdfkhv

Dq dowhuqdwlyh wr vshfl�fdwlrq ri d sdudphwulf ixqfwlrqdo irup iru wkh khgrqlf sulfh ixqfwlrq lv wr dgrsw d qrq0
sdudphwulf ru cvhpl0sdudphwulf* dssurdfk wr hvwlpdwlrq zklfk dwwhpswv wr lqihu dwwulexwh sulfhv gluhfwo| iurp wkh
gdwd zlwkrxw ehqh�w ri dq dvvxphg ixqfwlrqdo uhodwlrqvkls1 Wkh gl!fxow| zklfk dulvhv lq dssolfdwlrq ri wkhvh
whfkqltxhv lv wkh h{wuhpho| odujh dprxqwv ri gdwd wkh| uhtxluh +irupdoo|/ wkh vorz udwh dw zklfk wkhvh hvwlpdwlrq
whfkqltxhv frqyhujh wr wkh wuxh ydoxh dv vdpsoh vl}h lqfuhdvhv,1

Ihdvleoh hvwlpdwhv fdq/ krzhyhu/ eh rewdlqhg e| frqvlghulqj dssurdfkhv zklfk frqvlghu wuxo| qrq0sdudphwulf
frpelqdwlrqv ri vlpsoh sdudphwulf irupv1 Sdshuv zklfk kdyh lqyhvwljdwhg wklv dssurdfk lqfoxgh Nqljkw/ Kloo/ dqg
Vlupdqv ^4<<6`/ Sdfh ^4<<6`/ Sdfh ^4<<8`/ dqg Dqjolq dqg Jhqfd| ^4<<8`1 Wkhvh dssurdfkhv wxuq rxw wr eh pxfk pruh
urexvw wr vshfl�fdwlrq dqg phdvxuhphqw huuru wkdq pdq| sdudphwulf hvwlpdwhv/ dowkrxjk wkh| fdq eh frqvlghudeo|
pruh frpsxwdwlrqdoo| frpsoh{ wr hvwlpdwh1

Wkh dqdo|vlv ri Sdfh ^4<<8` vxjjhvwhg lq sduwlfxodu wkdw vhpl0sdudphwulf hvwlpdwhv ri khgrqlf sulfh ixqfwlrqv
vhhp wr vx�hu ihzhu lqfruuhfwo| vljqhg sdudphwhuv/ d frpprq sureohp zlwk froolqhdu gdwd1 Hyhq pruh lqwhuhvwlqj/
wkh vwxg| ri Dqjolq dqg Jhqfd| ^4<<8` frpsduhg d sdudphwulf hvwlpdwru zlwk d vhplsdudphwulf rqh1 Wkh sdudphwulf
prgho zdv hdvlo| uhmhfwhg lq whvwv zklfk frpsduh lw wr wkh vhplsdudphwulf1 Ixuwkhupruh/ wklv zdv qrw iru d srruo|
vshfl�hg sdudphwulf prgho/ exw rqh wkdw sdvvhg d ydulhw| ri vwdqgdug whvwv ri prgho vshfl�fdwlrq1 Wklv vxjjhvwv
wkdw frqvlghudeoh jdlqv lq dffxudf| pd| eh dydlodeoh e| xwlol}lqj vhplsdudphwulf whfkqltxhv iru hvwlpdwlqj khgrqlf
sulfh ixqfwlrqv1

6151 Hvwlpdwlrq ri ghpdqg iru krxvlqj dwwulexwhv

Hvwlpdwlrq ri wkh ghpdqg iru dq| khwhurjhqhrxv jrrg vxfk dv krxvlqj suhvhqwv d ydulhw| ri gl!fxow sureohpv/ vrph
ri zklfk duh uduho| hqfrxqwhuhg lq rwkhu hfrqrplf frqwh{wv1 Lw lv d shukdsv shfxoldu dwwulexwh ri wkh olwhudwxuh
frqfhuqlqj hvwlpdwlrq ri ghpdqg iru krxvlqj dwwulexwhv wkdw gxulqj wkh sdvw ghfdgh pxfk ri lw kdv ehhq revhvvhg
zlwk foduli|lqj wkh sureohp ri hqgrjhqhlw| ri sulfh1

Sduwo|/ wklv vwhpv iurp d shfxoldulw| lq wkh ghyhorsphqw ri wkh olwhudwxuh/ lq zklfk wkh sureohp ri hvwlpdwlqj
wkh ghpdqg iru krxvlqj dwwulexwhv zdv ruljlqdoo| wkrxjkw wr uhsuhvhqw d cjdughq ydulhw|* vlpxowdqhrxv htxdwlrqv
sureohp91 Wkdw wklv zdv qrw vr zdv uhdol}hg uhodwlyho| txlfno|/ exw lw wrrn qhduo| d ghfdgh wr surgxfh d fohdu
h{srvlwlrq ri h{dfwo| krz wkh sulfh hqgrjhqhlw| sureohp gl�huhg iurp wkh ydulhw| rqh �qgv lq wkh xvxdo hfrqrplvw*v
jdughq1

Zkdw lv shfxoldu derxw wklv lv wkdw zkloh wkhuh kdyh ehhq d ydulhw| ri sdshuv zklfk glvfxvvhg dqg fodul�hg wkh
qdwxuh ri wkh sureohp/ wkhuh kdyh ehhq ihz zklfk xvhg dfwxdo krxvlqj pdunhw gdwd wr looxvwudwh krz pxfk gl�huhqfh
d surshu dffrxqwlqj ri wkh sureohp pdgh wr �qdo hvwlpdwhv1 Lq sduw wklv zdv qr grxew gxh wr wkh gl!fxow| ri
surgxflqj hvwlpdwhv zklfk gr wdnh surshu dffrxqw/ exw lq sduw lw zdv dovr gxh wr wkh vrphzkdw olplwhg lqwhuvhfwlrq
ehwzhhq wkh vhw ri hfrqrplvwv lqwhuhvwhg lq hoxflgdwlqj surshu hfrqrphwulf sudfwlfh dqg wkh vhw ri hfrqrplvwv vhhnlqj
wr xvh khgrqlf dqdo|vlv dv d wrro iru xqghuvwdqglqj pdunhwv ru frqgxfwlqj srolf| dqdo|vlv1

9Dv fkdudfwhul}hg lq Urvhq ^4<:7`1
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D vhfrqg shfxoldu dvshfw kdv ehhq wkh hqwkxvldvp zlwk zklfk wkh codfn ri frqvlvwhqf|* gxh wr idloxuh wr xvh
d surshu lqvwuxphqwdo yduldeohv whfkqltxh kdv ehhq fulwlfl}hg/ zkloh rwkhu vrxufhv ri eldv uhfhlyh olwwoh lq wkh zd|
ri uhshdw dwwhqwlrq1 Prvw reylrxv ri wkhvh rwkhu vrxufhv kdv ehhq wkh idloxuh wr lqfoxgh doprvw fhuwdlqo| uhohydqw
yduldeohv lq khgrqlf prghov/ sduwlfxoduo| wkh vwuxfwxuh orfdwlrq1 Djdlq/ wkhuh lv d sudjpdwlf h{sodqdwlrq= dq
lqglylgxdo hfrqrplvw pljkw eh h{shfwhg wr eh deoh wr dgrsw gl�huhqw hvwlpdwlrq whfkqltxhv zklfk frxog lpsuryh
hvwlpdwlrq dqg dffrxqw iru sulfh hqgrjhqhlw|1 Dq lqglylgxdo uhvhdufkhu lv xqolnho| wr eh deoh wr frpsho uhohdvh ri
dfwxdo +udwkhu wkdq svhxgr, fhqvxv wudfw qxpehuv lq wkh Dphulfdq Krxvlqj Vxuyh|1

Hfrqrplvwv kdyh ehfrph dffxvwrphg wr dffhswlqj gdwd dv wkh| �qg lw/ zduwv dqg doo1 Wkh| wkhq djrql}h
derxw krz rswlpdoo| wr dqdo|}h wklv gdwd/ hyhq li wkh uhgxfwlrq lq huuru rewdlqhg iurp wklv rswlpl}dwlrq lv wulyldo
frpsduhg wr wkh huuru fdxvhg e| wkh vwuxfwxuh ri +ru rplvvlrqv iurp, wkh gdwd1 Wklv rffxsdwlrqdo kd}dug dssolhv zlwk
sduwlfxodu irufh wr sudfwlwlrqhuv lq wkh khgrqlf prgholqj duhd1 D uhdghu ri wkh olwhudwxuh frxog eh irujlyhq iru jhwwlqj
wkh lpsuhvvlrq wkdw vwxglhv zklfk qhjohfwhg orfdwlrq/ odqg duhd/ dqg doo orfdo sxeolf jrrgv zrxog eh zhofrphg li rqo|
wkh| lqfrusrudwhg d pd{lpxp0olnholkrrg lqvwuxphqwdo yduldeohv whfkqltxh zklfk dffrxqwhg iru sulfh hqgrjhqhlw|1 Lq
idfw/ ri frxuvh/ wkhuh lv olwwoh wr uhfrpphqg dgrswlrq ri dq hvwlpdwlrq whfkqltxh zklfk dfklhyhv frqvlvwhqw hvwlpdwhv
li lw lv dssolhg wr dq reylrxvo| plvvshfl�hg prgho1

615141 Lghqwl�fdwlrq dqg hqgrjhqhlw|

Wkh prvw zlgho| shufhlyhg gl!fxow| d"lfwlqj hvwlpdwlrq ri ghpdqg iru krxvlqj dwwulexwhv lv wkh clghqwl�fdwlrq*
sureohp zklfk dulvhv ehfdxvh ri wkh hqgrjhqhlw| ri dwwulexwh sulfhv1 Dowkrxjk wkh sureohp lv whfkqlfdoo| rqh ri
lghqwl�fdwlrq/ lw lv xvhixo wr dyrlg frqixvlrq zlwk wkh hfrqrphwulf gl!fxowlhv idfhg zkhq dwwhpswlqj wr hvwlpdwh
wkh sdudphwhuv ri ghpdqg dqg vxsso| vlpxowdqhrxvo|1 Wklv vruw ri cfrqyhqwlrqdo* vlpxowdqhlw| zdv �uvw qrwhg dv
d srwhqwldo sureohp e| Iuhhpdq ^4<:<`/ dqg dooxghg wr lq Urvhq ^4<:7`1 Iru vwxglhv edvhg rq furvv vhfwlrqdo gdwd
zlwk xqlwv ri revhuydwlrq odujh hqrxjk wr lq xhqfh pdunhw sulfhv/ vxfk gl!fxowlhv pd| lqghhg dulvh1 Prvw khgrqlf
vwxglhv/ krzhyhu/ duh edvhg xsrq gdwd vhwv zlwk revhuydwlrqv ri lqglylgxdo krxvhkrog ghflvlrqv dqg lqfrphv1

Iru hvwlpdwhv edvhg rq lqglylgxdo gdwd/ wkh �uvw uhvsrqvh pljkw eh wr dujxh wkdw wkhuh lv qr sureohp lq hvwlpdwlrq
+rwkhu wkdq wkh xvxdo rqhv ri vshfl�fdwlrq dqg ghdolqj zlwk qrqolqhdu vwuxfwxuhv,1 Wkh lqglylgxdo ghpdqgv ru
cpdujlqdo ehqh�w ixqfwlrqv* duh ghwhuplqhg wdnlqj wkh khgrqlf sulfhv dv h{rjhqrxv1 Wkh vlwxdwlrq zrxog vhhp wr eh
vlplodu wr wkdw ghslfwhg lq �jxuh 6141 Khuh zh vhh d wkuhh glphqvlrqdo vxuidfh uhsuhvhqwlqj wkh lqglylgxdo ghpdqg
ixqfwlrq zklfk jlyhv wkh txdqwlw| ri dwwulexwh ghvluhg dv d ixqfwlrq ri krxvhkrog lqfrph dqg wkh khgrqlf sulfh ri wkh
dwwulexwh1 D ihz ri wkh pdq| dydlodeoh gdwd srlqwv duh lqglfdwhg/ dqg wkhvh pd| eh xvhg wr ghwhuplqh wkh ghpdqg
ixqfwlrq xvlqj uhodwlyho| vwdqgdug pd{lpxp olnholkrrg phwkrgv1

Wklv shuvshfwlyh +zklfk dw ohdvw lpsolflwo| olhv dw wkh irxqgdwlrq ri d yhu| odujh olwhudwxuh, krogv wkdw vlqfh zh
kdyh revhuydwlrqv ri lqglylgxdo ehkdylru/ dorqj zlwk wkh sulfhv dqg lqfrphv zklfk kdyh surgxfhg wkdw ehkdylru/
zh fdq hvwlpdwh wkh vwuxfwxudo htxdwlrqv ri krxvhkrog ghpdqg dv orqj dv zh duh zloolqj wr dvvxph wkdw d frpprq
suhihuhqfh rughulqj ghwhuplqhv wkh ghflvlrqv ri doo krxvhkrogv1 Doo wkdw lv uhtxluhg duh gdwd lq zklfk wkhuh lv olqhduo|
lqghshqghqw yduldwlrq lq lqfrph dqg khgrqlf sulfhv/ dqg wkh hvwlpdwhv zloo eh uhdglo| rewdlqhg1

Wkh �uvw remhfwlrq wr wklv shuvshfwlyh lv wkh vlpsoh rqh wkdw wkh khgrqlf sulfhv duh qrw nqrzq zlwk fhuwdlqw|/ exw
pxvw eh hvwlpdwhg1 Wkh vwrfkdvwlf qdwxuh ri wkh uhodwlrq ehwzhhq dwwulexwh txdqwlwlhv dqg krxvh sulfh zloo lpsduw
vrph xqfhuwdlqw| wr wkh hvwlpdwhg khgrqlf sulfhv1 Wr wklv rqh pljkw uhso| wkdw ghpdqg hvwlpdwlrq lv d fodvvlf chuuruv
lq yduldeohv* sureohp/ dqg wkdw dv orqj dv wkh khgrqlf sulfh ixqfwlrq kdv ehhq fruuhfwo| vshfl�hg/ wkh sdudphwhuv
zloo eh frqvlvwhqwo| hvwlpdwhg dqg iru odujh vdpsohv zh qhhg qrw zruu|1 Ri frxuvh/ iru �qlwh vdpsohv dq| k|srwkhvlv
whvwlqj zh pljkw zlvk wr gr zlwk rxu ghpdqg hvwlpdwhv zloo eh wurxeohg e| yduldqfh hvwlpdwhv zklfk duh eldvhg
grzqzdugv/ exw lq sulqflsoh wkhvh frxog eh fruuhfwhg e| xvlqj wkh fryduldqfh pdwul{ iru sdudphwhuv ri wkh khgrqlf
sulfh ixqfwlrq wr rewdlq dq hvwlpdwh ri wkh fryduldqfh vwuxfwxuh iru wkh khgrqlf sulfhv1 Wklv dssurdfk/ krzhyhu/
fdqqrw e| lwvhoi frpshqvdwh iru ylrodwlrqv ri Jdxvv0Pdunry frqglwlrqv/ dqg surgxfhv frqvlvwhqw hvwlpdwhv rqo| li
wkh huuruv lq khgrqlf sulfhv +dqg colqhdul}hg lqfrph*, duh lqghshqghqw ri wkh huuru whupv lq wkh ghpdqg ixqfwlrqv1
Wklv lv suhflvho| wkh fruh ri wkh sureohp1

Wkh sureohp lv hdvlo| vhhq lq �jxuh 6151 Lq wkh xsshu sruwlrq ri wkh �jxuh lv vkrzq d khgrqlf sulfh ixqfwlrq
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Iljxuh 614= Hvwlpdwlrq ri khgrqlf ghpdqg

S +], dqg d krxvhkrog elg ixqfwlrq iru wkh dwwulexwh ] zklfk lv wdqjhqw dw srlqw E vr wkdw wkh krxvhkrog zrxog
ghpdqg ]

�
xqlwv ri wkh dwwulexwh jlyhq wklv sulfh vwuxfwxuh1: Wkh remhfw ri khgrqlf dqdo|vlv lv wr rewdlq dq hvwlpdwh

ri wkh dfwxdo ghpdqg ru pdujlqdo ehqh�w ixqfwlrq gudzq dv d vrolg olqh lq wkh orzhu sruwlrq ri �jxuh 6151 Iru
h{dpsoh/ zh pljkw dvvxph dgglwlyh huuru % dqg hvwlpdwh

] @ �
f
. �

�
� S

~

. % +615,

xvlqj wkh revhuyhg krxvhkrog frqvxpswlrq dqg wkh hvwlpdwhg khgrqlf sulfh ixqfwlrq wr ghwhuplqh wkh khgrqlf sulfhv
S
~

1 Lq wkh fdvh looxvwudwhg/ wkh sdudphwhu �
�
lv qhjdwlyh/ dqg zh wu| wr rewdlq dq hvwlpdwh f�

�
1 Zkhq wkh huuru % lv

qhdu }hur/ zh revhuyh wkh krxvhkrog frqvxplqj ]
�
dqg lqihu iurp wkh khgrqlf sulfh ixqfwlrq wkdw wkh sulfh zklfk

surgxfhv wklv ehkdylru lv wkh vorsh ri S +], dw srlqw E1
Zkhq % lv qhjdwlyh/ zh revhuyh krxvhkrog frqvxpswlrq ri dq dwwulexwh ohyho vxfk dv ]

f
1 Dw wklv frqvxpswlrq zh

lqihu d khgrqlf sulfh zklfk lv wkh vorsh ri S +], dw srlqw D/ zklfk lv ohvv wkdq wkh wuxh vorsh ri wkh krxvhkrog elg
fxuyh dqg khqfh ohvv wkdq wkh wuxh ohyho ri wkh krxvhkrog ghpdqg ixqfwlrq1 Zkhq % lv srvlwlyh/ zh revhuyh ]

2
dqg

lqihu d khgrqlf sulfh zklfk lv wkh vorsh ri S +], dw srlqw F1 Wkh uhvxow lv dq hvwlpdwhg krxvhkrog ghpdqg zklfk/
dv lqglfdwhg lq wkh �jxuh/ lv wrr orz iru qhjdwlyh % dqg wrr kljk iru srvlwlyh % � zh duh vlpso| wudfnlqj wkh vorsh ri
wkh khgrqlf sulfh ixqfwlrq1

Wklv lv hvvhqwldoo| wkh sureohp revhuyhg e| Eurzq dqg Urvhq ^4<;5`1 Li qr fruuhfwlrq lv pdgh iru sulfh hqgrjhqh0
lw|/ ghpdqg hvwlpdwhv pd| eh ghwhuplqhg hqwluho| e| wkh khgrqlf sulfh ixqfwlrq lwvhoi1 Wkh hvwlpdwh f�

�
lv eldvhg

xszdugv/ dqg lv lqfrqvlvwhqw vlqfh lqfuhdvlqj wkh vdpsoh vl}h grhv qrwklqj wr holplqdwh ru fkdqjh wkh fruuhodwlrq
� ehwzhhq wkh huuru % dqg wkh khgrqlf sulfh S

~

1 Ohwwlqj �
0

dqg �
�~

ghqrwh wkh vwdqgdug ghyldwlrq ri % dqg S
~

/
uhvshfwlyho|/ zh kdyh=

solp f�
�
@ �

�
. �

�
0

�
�~

+616,

:Dowhuqdwlyho|/ wkh khgrqlf sulfh ixqfwlrq frxog eh xvhg wr frqvwuxfw d exgjhw olqh/ dqg wkh elg ixqfwlrq zrxog eh dq lqgl�huhqfh
fxuyh wdqjhqw wr wkh exgjhw olqh dw �1
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Iljxuh 615= Eldvhg hvwlpdwhv iurp sulfh hqgrjhqhlw|
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Iru vwulfwo| frqyh{ khgrqlf sulfh ixqfwlrqv/ wkh fruuhodwlrq � lv srvlwlyh dqg zh rewdlq lqfrqvlvwhqw ghpdqg hvwlpdwhv
zkrvh vorshv duh eldvhg xszdugv1 Iru pruh frpsoh{ +dqg uhdolvwlf, ghpdqgv zlwk vhyhudo dwwulexwhv/ dqg olqhdul}hg
lqfrph zklfk lv dovr fruuhodwhg zlwk %/ wkh irupxod iru wkh eldv lv pruh frpsoh{ exw wkh edvlf lqwxlwlrq uhpdlqv
xqfkdqjhg= wkh fruuhodwlrq ehwzhhq hvwlpdwhg khgrqlf sulfhv dqg huuruv lq phdvxuhg ghpdqg ehkdylru
ohdgv wr lqfrqvlvwhqw hvwlpdwhv ri wkh vwuxfwxuh ri ghpdqg1

Wkhuh duh d ydulhw| ri srvvleoh uhvsrqvhv wr wklv sureohp/ exw prvw ri wkh uhfhqw olwhudwxuh rq hvwlpdwlrq ri
krxvlqj ghpdqg ehjlqv zlwk wklv edvlf revhuydwlrq1 Wkxv wkh dqdo|vhv ri Eorptxlvw dqg Zruoh| ^4<;5`/ Eurzq dqg
Urvhq ^4<;5`/ Pxuud| ^4<;6`/ Gldprqg dqg Vplwk ^4<;8`/ Rkvihogw dqg Vplwk ^4<;8`/ Eduwln ^4<;:e`/ Hssoh ^4<;:`
dqg PfFrqqhoo dqg Sklssv ^4<;:` doo vkduh d frpprq lqlwldo wkhph= zlwk lqglylgxdo krxvhkrog gdwd/ wkhuh lv qr
vwuxfwxudo vlpxowdqhlw|> wkh gl!fxow| dulvhv ehfdxvh wkh hqgrjhqhlw| ri sulfhv jlyhv ulvh wr fruuhodwlrq ehwzhhq wkh
udqgrp huuru lq wkh prgho dqg wkh clqghshqghqw yduldeohv*1 Wklv uhvxowv lq lqfrqvlvwhqw hvwlpdwhv1

Wkh uhtxluhg uhvsrqvh wr vxfk d sureohp lv wr ghylvh frqvlvwhqw/ clqvwuxphqwdo yduldeohv* hvwlpdwhv ri wkrvh
yduldeohv zklfk dsshdu rq wkh uljkw kdqg vlgh ri wkh vwuxfwxudo htxdwlrqv1 Wkxv/ iru h{dpsoh/ lq htxdwlrq 615 zh
qhhg wr lghqwli| yduldeohv zklfk duh xqfruuhodwhg zlwk % zklfk fdq eh xvhg wr surylgh d frqvlvwhqw hvwlpdwh ri S

~

1
Wklv hvwlpdwh lv wkhq xvhg lq vxevhtxhqw vwdjhv ri wkh surfhgxuh wr hvwlpdwh dwwulexwh ghpdqg1 Pruh jhqhudoo|/ zh
lghqwli| lqvwuxphqwv zklfk shuplw hvwlpdwlrq ri doo ri wkh khgrqlf dwwulexwh sulfhv dqg olqhdul}hg lqfrph1

Wkuhh edvlf dssurdfkhv h{lvw wr rewdlq vxfk lqvwuxphqwv1 Iluvw/ zh pd| eh deoh wr �qg ru frqvwuxfw rwkhu
yduldeohv zklfk duh lqghshqghqw ri wkh huuruv exw vx!flhqwo| fruuhodwhg zlwk khgrqlf sulfhv wr surylgh dgplvvleoh
lqvwuxphqwv1 Vhfrqg/ zh pljkw wdnh dgydqwdjh ri qrqolqhdulwlhv zklfk h{lvw lq dfwxdo khgrqlf sulfh dqg pdujlqdo
ehqh�w uhodwlrqv wr lghqwli| wkh prghov +hvvhqwldoo| xvlqj wudqvirupdwlrqv ri wkh yduldeohv dv lqvwuxphqwv,1 Wklug/
zh pljkw xvh rwkhu yduldeohv zklfk rffxu lq wkh vwuxfwxudo htxdwlrqv wr rewdlq d vhw ri lqvwuxphqwv iru frqvlvwhqwo|
hvwlpdwlqj khgrqlf sulfhv1

Iljxuh 616= Gdwd iurp vlqjoh dqg pxowlsoh pdunhwv

Wkh wklug phwkrg lv idploldu iurp xvh lq vroylqj wkh lghqwl�fdwlrq sureohp dqg hvwlpdwlqj prghov lq zklfk wkhuh
lv wuxh vlpxowdqhlw|1 Lwv dssolfdwlrq lv vwuhvvhg dv d srwhqwldo vroxwlrq lq vhyhudo ri wkh sdshuv flwhg deryh/ dqg lv
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looxvwudwhg lq wkh uljkw kdqg sruwlrq ri �jxuh 6161 Lq wkh xsshu uljkw kdqg txdgudqw ri wkh �jxuh zh vhh wzr exgjhw
fxuyhv dvvrfldwhg zlwk khgrqlf sulfh ixqfwlrqv iurp wzr gl�huhqw pdunhwv1; Lq rqh pdunhw/ wkh revhuyhg krxvhkrog
kdv lqfrph P

f
dqg rswlpdoo| fkrrvhv dwwulexwh ohyho ] lqglfdwhg e| wdqjhqf| D1 Wkh sureohp lv wr glvwlqjxlvk

ehwzhhq wkh dowhuqdwlyh ghpdqg vwuxfwxuhv g
f
dqg fg

f
jhqhudwhg uhvshfwlyho| e| suhihuhqfhv l

f
dqg el

f
1 Wklv lv srvvleoh

ehfdxvh ri wkh h{rjhqrxv yduldwlrq lq sulfh vfkhgxohv1 Lq wkh vhfrqg pdunhw/ wkh revhuyhg krxvhkrog kdv lqfrph
P

�
dqg wkh fkrlfh ri dwwulexwh ohyho ] �� dw wdqjhqf| E vhuyhv wr lghqwli| wkh ghpdqg vwuxfwxuh dqg suhihuhqfh1 Wklv

dssurdfk/ uhfrpphqghg lqwhu dold e| Eurzq dqg Urvhq ^4<;5`/ Gldprqg dqg Vplwk ^4<;8`/ Rkvihogw dqg Vplwk
^4<;8`/ Eduwln ^4<;:e`/ dqg Hssoh ^4<;:`1

Wkhuh duh wzr sulpdu| gl!fxowlhv zlwk dfwxdoo| dsso|lqj wklv cpxowlsoh pdunhw* dssurdfk1 Wkh �uvw lv wkhruhwlfdo/
wkh vhfrqg sudfwlfdo1 Iurp d wkhruhwlfdo shuvshfwlyh/ hvwlpdwlrq ri ghpdqg iurp pxowlsoh pdunhwv uhtxluhv wkh
dvvxpswlrq ri d frpprq ghpdqg vwuxfwxuh lq doo pdunhwv fryhuhg1 Li wkhvh pdunhwv duh iurp pxowlsoh wlph shulrgv/
zh pxvw dvvxph frqvwdqw suhihuhqfhv ryhu wlph +dv zhoo dv furvv vhfwlrqdoo|,1 Pruh sureohpdwlf/ li wkh pdunhwv duh
iurp zlgho| vhsdudwhg xuedq duhdv/ zh pxvw dvvxph wkdw krxvhkrogv kdyh d frpprq suhihuhqfhv vwuxfwxuh dfurvv
doo duhdv1 Jlyhq wkh zlgh ydulhw| ri hqylurqphqwdo dphqlwlhv/ dydlodeoh sxeolf jrrgv/ dqg vrfldo vwuxfwxuhv zklfk
fkdudfwhul}h hdfk xuedq duhd wklv pd| eh uhjdughg dv d srvvleoh vrxufh ri vshfl�fdwlrq huuru1 Uhodwhg wr wklv srlqw
lv d sureohp qrwhg e| Gldprqg dqg Vplwk ^4<;8`= lq d zruog lq zklfk krxvhkrogv fdq fkrrvh zklfk ri vhyhudo xuedq
duhdv lq zklfk wr olyh/ wkh xuedq duhd lwvhoi pd| zhoo eh hqgrjhqrxv dqg qrw vhuyh dv d ydolg lqvwuxphqw1

Iurp d sudfwlfdo shuvshfwlyh wkh gl!fxowlhv duh hyhq odujhu1 Wkhuh duh doprvw qr lqglylgxdo ohyho gdwd vhwv
zklfk duh frpsdudeoh dfurvv d odujh qxpehu ri xuedq duhdv dqg dydlodeoh wr wkh sxeolf1 Wkhuh duh qrqh< lq Hxursh
ru Dvld1 Lq wkh Xqlwhg Vwdwhv wkhuh duh wzr srwhqwldo gdwd vrxufhv= wkh Dphulfdq Krxvlqj Vxuyh| dqg surshuw|
pdunhw gdwd dydlodeoh iurp orfdo wd{ dxwkrulwlhv ru wkurxjk uhdo hvwdwh olvwlqj vhuylfhv1 Wkh �uvw ri wkhvh lv dydlodeoh
dw yhu| orz frvw dqg lqfoxghv d odujh qxpehu ri yduldeohv iru derxw 63 phwursrolwdq duhdv1 Wkh gl!fxow| lv wkdw
lw grhv qrw lqfoxgh orfdwlrq1 Wklv pdnhv lw lpsrvvleoh wr hvwlpdwh d codqg ydoxh* frpsrqhqw lq wkh khgrqlf sulfh
ixqfwlrq/ dowkrxjk wkhuh duh vrph dffhvvlelolw| yduldeohv zklfk surylgh lqirupdwlrq rq wkh mrxuqh| wr zrun dqg prgh
ri wudqvsruw xvhg1 Wkh vhfrqg gdwd vrxufh frqwdlqv pxfk ehwwhu lqirupdwlrq frqfhuqlqj orfdwlrq +vlqfh surshuw|
dgguhvv lv lqfoxghg,/ exw w|slfdoo| frqwdlqv qr ghwdlo frqfhuqlqj wkh rffxsdqwv1 Lq sduwlfxodu/ lw grhv qrw frqwdlq
krxvhkrog lqfrph/ qru grhv lw lqfoxgh dq| gdwd rq wkh djh ru vwuxfwxuh ri wkh rffxsdqwv1 Lw pljkw eh srvvleoh +jlyhq
vx!flhqw uhvrxufhv, wr vxuyh| d vdpsoh ri surshuwlhv wr ghwhuplqh ydoxhv iru wkhvh rwkhu lpsruwdqw yduldeohv1

Prvw ri wkh cpxowlsoh pdunhw* vwxglhv wkdw kdyh ehhq grqh kdyh xvhg wkh Dphulfdq Krxvlqj Vxuyh|143 Wkhvh
vwxglhv zhuh vhyhuho| frqvwudlqhg e| wkh qdwxuh ri wkh gdwd dydlodeoh1 Qrqh ri wkhvh lqfoxghg orfdwlrq/ ghvslwh wkh
wkhruhwlfdo lpsruwdqfh ri orfdwlrq lq ghwhuplqlqj wkh ydoxh ri odqg dqg wkh uhodwlyho| odujh sursruwlrq ri uhvlghqwldo
frqvwuxfwlrq frvwv dffrxqwhg iru e| odqg1 Qrqh lqfoxghg pruh wkdq ; dwwulexwhv/ zlwk vxfk reylrxvo| lpsruwdqw
idfwruv dv orfdo vfkrro txdolw| ru dffhvvlelolw| wr sdunv dqg rshq vsdfh qhyhu dsshdulqj lq dq| vwxg|1 Wkhvh olplwdwlrqv
dulvh ehfdxvh ri wkh olplwhg gdwd dydlodeoh/ dqg pljkw eh fruuhfwhg lq wkh ixwxuh1 Dw suhvhqw/ krzhyhu/ lw lv udwkhu
gl!fxow wr xqghuvwdqg wkh dwwudfwlrq ri vhhnlqj wr fruuhfw rqh vruw ri eldv +dulvlqj iurp hqgrjhqrxv sulfhv, e|
lqwurgxflqj eldv ri dqrwkhu vruw +vhyhuh vshfl�fdwlrq huuru e| idlolqj wr lqfoxgh lpsruwdqw dwwulexwhv,1 Wklv lv
sduwlfxoduo| wuxh zkhq rwkhu dssurdfkhv h{lvw zklfk pljkw vroyh wkh sureohp1

Wkh vhfrqg dssurdfk phqwlrqhg deryh uholhv xsrq lpsrvlwlrq ri prvwo| xqwhvwdeoh uhvwulfwlrqv ri qrqolqhdulw|
rq erwk wkh khgrqlf sulfh ixqfwlrq dqg wkh vwuxfwxuh ri ghpdqg1 Wklv dssurdfk lv looxvwudwhg lq wkh ohiw kdqg vlgh
ri �jxuh 6161 Lq wkh wrs ohiw txdgudqw zh vhh wzr exgjhw vhwv gudzq iurp wkh vdph khgrqlf pdunhw exw jhqhudwhg
e| wkh wzr lqfrph ohyhov P

f
dqg P

�
1 Dw wkh orzhu lqfrph ohyho wkh krxvhkrog pdnhv rswlpdo fkrlfh ri dwwulexwh

ohyho ] ghwhuplqhg e| wkh wdqjhqf| D1 Dv ehiruh/ wkh sureohp lv wr glvwlqjxlvk ehwzhhq wkh ghpdqg vwuxfwxuh g
f

dqg fg
f
jhqhudwhg uhvshfwlyho| e| suhihuhqfhv l

f
dqg el

f
1

Wr jhw dq lqwxlwlyh ihho iru wkh sureohp/ lpdjlqh wkdw zh uhvwulfw dwwhqwlrq wr rqo| wkhvh wzr srvvleoh suhihuhqfh
vwuxfwxuhv1 Zkloh lw pljkw eh lpsrvvleoh wr glvwlqjxlvk ehwzhhq wkhvh wzr ghpdqg vwuxfwxuhv dw lqfrph ohyho P

f
/

wkh| pd| eh uhdglo| glvwlqjxlvkhg dw rwkhu sulfh0lqfrph frpelqdwlrqv1 Li krxvhkrogv kdyh suhihuhqfhv zklfk jhqhudwh

;Zh nqrz wkhvh duh wzr gl�huhqw pdunhwv ehfdxvh wkh exgjhw olqhv duh qrw yhuwlfdoo| sdudooho1
<Qrqh/ dw ohdvw/ nqrzq wr wkh dxwkru1

43Vhh lqwhu dold/ Sduvrqv ^4<;9`1
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lqgl�huhqfh fxuyhv el
f
dqg el

�
/ wkhq dw lqfrph ohyho P

�
wkh rswlpxp zloo eh dw wdqjhqf| srlqw E dqg wkh| zloo fkrrvh

dwwulexwh ohyho ]�1 Li wkh| kdyh suhihuhqfhv zklfk jhqhudwh lqgl�huhqfh fxuyhv l
f
dqg l

�
/ wkhlu rswlpxp zloo eh

gh�qhg e| srlqw F zlwk dwwulexwh ohyho ]��1 Vxemhfw wr wkh frqvwudlqw wkdw krxvhkrog ghpdqg vwuxfwxuhv duh rqh
ri wkhvh wzr w|shv/ zh rqo| qhhg gdwd zlwk vx!flhqw yduldwlrq lq khgrqlf sulfhv dqg krxvhkrog lqfrphv wr lghqwli|
ghpdqg1

Ri frxuvh/ lw lv kdugo| vdwlvidfwru| wr uhvwulfw krxvhkrogv wr kdylqj rqh ri wzr srvvleoh suhihuhqfh rughuv/ exw
jlyhq vx!flhqw yduldwlrq lq lqfrphv dqg khgrqlf sulfhv zh fdq lpsrvh pxfk ohvv vhyhuh uhvwulfwlrqv1 Wkh dqdo|vlv
ri PfFrqqhoo dqg Sklssv ^4<;:` surylghv d frpsohwh glvfxvvlrq ri wkh uhvwulfwlrqv uhtxluhg iru lghqwl�fdwlrq ri
suhihuhqfh sdudphwhuv lq wklv fdvh/ dqg wkh glvfxvvlrq lq Hssoh ^4<;:` lv dovr xvhixoo| frpsuhkhqvlyh1

Wkhvh vrxufhv xqghuvfruh wkh gl!fxow|/ exw qrw wkh lpsrvvlelolw|/ ri lghqwli|lqj khgrqlf ghpdqg hvwlpdwhv iurp
vlqjoh pdunhw gdwd1 Li wkhuh lv vx!flhqw yduldwlrq lq wkh gdwd wr shuplw xqltxh pd{lpxp olnholkrrg hvwlpdwhv ri
sdudphwhuv/ wkdw dorqh fdq eh dujxhg wr hqvxuh orfdo lghqwl�delolw|1 Wkh vwxglhv e| Txljoh| ^4<;5` dqg Ndqhprwr
dqg Qdndpxud ^4<;9` sxuvxh yduldwlrqv rq wklv vhfrqg dssurdfk1 E| uhvwulfwlqj dwwhqwlrq wr d sduwlfxodu fodvv ri
suhihuhqfh rughulqj dqg ixqfwlrqdo irupv iru wkh khgrqlf sulfh ixqfwlrq/ wkh| vroyh iru dqg hvwlpdwh wkh sdudphwhuv
ri wkh suhihuhqfh ixqfwlrq1

Wkh �uvw ri wkh wkuhh dssurdfkhv wr sulfh hqgrjhqhlw| phqwlrqhg deryh zdv wr �qg ru frqvwuxfw rwkhu yduldeohv
zklfk duh fruuhodwhg zlwk khgrqlf sulfhv idfhg e| wkh krxvhkrog exw qrw fruuhodwhg zlwk wkh huuru whupv ri wkh
ghpdqg +ru pdujlqdo ehqh�w, ixqfwlrqv1 Lq rqh vhqvh/ wklv reylrxv dssurdfk lv zkdw lv ehlqj grqh lq wkh pxowlsoh
pdunhw dssurdfk dv zhoo= rwkhu yduldeohv +zklfk lqgh{ ru fkdudfwhul}h wkh sduwlfxodu khgrqlf pdunhwv, duh xvhg wr
frqvwuxfw lqvwuxphqwv zklfk duh wkhq xvhg wr rewdlq frqvlvwhqw hvwlpdwhv ri yduldeohv rq zklfk wkh ghpdqg ixqfwlrqv
ghshqg1 Wkh xvxdo dssurdfk zkhq dsso|lqj wklv phwkrg wr wuxh vlpxowdqhrxv htxdwlrq prghov lv wr uho| xsrq rwkhu
yduldeohv lq wkh vwuxfwxudo htxdwlrqv/ dqg prvw ri wkh glvfxvvlrq rq wkh cpxowlsoh pdunhw* dssurdfk kdv iroorzhg wklv
wudglwlrq1

Uhvwulfwlqj wkh vhdufk wr rwkhu vwuxfwxudo yduldeohv/ krzhyhu/ pdnhv wkh sureohp yhu| gl!fxow1 Wkxv PfFrqqhoo
dqg Sklssv ^4<;:` dujxhv wkdw li vrph dwwulexwh lv qrw lqfoxghg lq wkh khgrqlf sulfh ixqfwlrq/ lw zloo eh lpsrvvleoh wr
fuhdwh lqvwuxphqwv zklfk duh qrw fruuhodwhg zlwk wkh huuru1 Wkh dqdo|vlv ri Eduwln ^4<;:d` pdnhv wklv dujxphqw prvw
irufhixoo|/ dujxlqj wkdw xqohvv xqrevhuyhg yduldelolw| lq suhihuhqfhv lv dvvxphg qrw wr h{lvw/ lw zloo eh lpsrvvleoh
wr frqvwuxfw ydolg lqvwuxphqwv iru frqvlvwhqw hvwlpdwlrq ri krxvhkrog dwwulexwh ghpdqg1 Klv dujxphqw surfhhgv e|
h{dpsohv/ krzhyhu/ dqg lv uhvwulfwhg lpsolflwo| wr dq dvvxpswlrq wkdw wkh vrxufh ri lqvwuxphqwv duh rwkhu yduldeohv
zklfk dsshdu lq wkh vwuxfwxudo htxdwlrqv ri wkh prgho1

Duh vxfk yduldeohv wkh rqo| vrxufh ri lqvwuxphqwv wr zklfk zh pljkw wxuqB Vxuho| wkdw ghshqgv xsrq wkh
vwrfkdvwlf vwuxfwxuh ri wkh dssolfdwlrq/ exw lq sulqflsoh rqh qhhg qrw uhvwulfw dwwhqwlrq wr rqo| wkrvh yduldeohv1
Lw lv khosixo wr nhhs lq plqg wkdw rxu sureohp lv qrw rqh ri d wuxo| vlpxowdqhrxv htxdwlrq v|vwhp1 Frqvlvwhqw
hvwlpdwlrq ri wkh khgrqlf ghpdqg iru M dwwulexwhv uhtxluhv wkdw zh rewdlq frqvlvwhqw hvwlpdwhv ri wkh M khgrqlf
sulfhv +dqg khqfh dovr olqhdul}hg lqfrph, zklfk gh�qh wkh exgjhw vhw ri wkh krxvhkrog1 Iru wklv zh qhhg M . 4 ru
pruh lqvwuxphqwv zklfk duh xqfruuhodwhg zlwk wkh huuru lq krxvhkrog dwwulexwh ghpdqg/ exw zklfk duh qrw vr zhdn
dv wr jlyh h{wuhpho| lpsuhflvh +hyhq li frqvlvwhqw, hvwlpdwhv ri wkh dfwxdo khgrqlf sulfhv1

Pxuud| ^4<;6` pdnhv d ydulhw| ri lqwhuhvwlqj vxjjhvwlrqv frqfhuqlqj srvvleoh lqvwuxphqwv/ dqg uhfhqwo| Fkhvkluh
dqg Vkhssdug ^4<<;`/ kdyh sxuvxhg wkh lghd ri xvlqj wkh dyhudjh dwwulexwh sulfhv sdlg e| cvlplodu* krxvhkrogv dv
lqvwuxphqwv1 Wkhuh duh qxphurxv glphqvlrqv dorqj zklfk rqh pljkw gh�qh vlplodulw|/ dqg wkh| frqvlghu wzr= wdnlqj
wkrvh krxvhkrogv zklfk rffxs| wkh orfdwlrqv zklfk duh qhduhvw wr wkh krxvhkrog/ dqg wdnlqj wkrvh krxvhkrogv zklfk
kdyh fkrvhq wr frqvxph vlplodu krxvhv +lqfoxglqj erwk wkh dwwulexwhv dqg orfdwlrq,1 Iru wkh odwwhu frqfhsw ri
vlplodulw|/ wkh| frqvwuxfw dq lqgh{ zklfk phdvxuhv wkh Hxfolghdq glvwdqfh lq fkdudfwhulvwlfv vsdfh zhljkwhg e|
frqvxpswlrq vkduhv1 Iru erwk jhrjudsklf glvwdqfh dqg fkdudfwhulvwlfv vsdfh glvwdqfh/ wkh| h{shulphqwhg xvlqj dv
lqvwuxphqwv wkh sulfhv sdlg e| wkh wzr cqhduhvw* krxvhkrogv lq wkhlu vdpsoh1

Zkhwkhu vxfk dq dssurdfk lv olnho| wr surylgh d ydolg vhw ri lqvwuxphqwv lv/ dv qrwhg deryh/ ghshqghqw rq
wkh vwrfkdvwlf vshfl�fdwlrq ri wkh prgho144 Li wkhvh huuruv frph iurp vlpsoh phdvxuhphqw huuru rq wkh txdqwlwlhv

44Wklv sduwlfxodu lpsruwdqfh ri vwrfkdvwlf vshfl�fdwlrq lv lq dgglwlrq wr wkh lpsruwdqw frqvlghudwlrqv lghqwl�hg e| Krurzlw} ^4<;:`1
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ri dwwulexwhv/ wkhq frqvlghudwlrq ri sulfhv sdlg e| vlplodu krxvhkrogv pljkw surylgh jrrg lqvwuxphqwv dv orqj dv
wkh phdvxuhphqw huuruv zhuh xqfruuhodwhg ehwzhhq revhuydwlrqv1 Zkhwkhu wklv lv wuxh zloo qdwxudoo| ghshqg rq
wkh dwwulexwh dqg wkh qdwxuh ri wkh pdunhw/ exw iruwxqdwho| lw lv uhodwlyho| vwudljkwiruzdug wr whvw iru lqvwuxphqw
dgplvvlelolw|1 Jrxulhurx{ dqg Prqiruw ^4<<8` suhvhqw d whvw ri xqnqrzq olqhdu frqvwudlqwv edvhg rq Dv|pswrwlf
Ohdvw Vtxduhv/ dqg vkrz krz wr dsso| lw dv d whvw ri lqvwuxphqw dgplvvlelolw|1

Vxssrvh zh vhhn wr hvwlpdwh d khgrqlf ghpdqg ]
�

zklfk ghshqgv rq khgrqlf sulfhv S
&
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zkhuh e% lv wkh yhfwru ri uhvlgxdov iurp wkh wzr0vwdjh ohdvw vtxduh hvwlpdwh rewdlqhg xvlqj � dv lqvwuxphqwv1 D
uhpdundeoh ihdwxuh ri wklv vwdwlvwlf lv wkdw lw lv htxdo wr wkh surgxfw ri wkh vdpsoh vl}h W dqg U2>wkh frh!flhqw ri
ghwhuplqdwlrq rewdlqhg iurp uhjuhvvlqj wkh wzr0vwdjh ohdvw vtxduhv uhvlgxdov e% rq wkh vhw ri lqvwuxphqwv �1 Wkh
vwdwlvwlf �

A

lv glvwulexwhg "2 zlwk N � M ghjuhhv ri iuhhgrp xqghu wkh k|srwkhvlv ri dgplvvlelolw|1
Wklv lv frpsohwho| lqwxlwlyh= zh kdyh dv dq hvwlpdwh ri wkh +xqrevhuyhg, huuru wkh uhvlgxdov e%1 Ydolglw| ri wkh

lqvwuxphqwv � uhtxluhv wkdw wkh| eh lqghshqghqw ri wkhvh huuruv1 Li wkh yduldeohv � duh deoh wr h{sodlq wkh yduldwlrq
lq e%/ wkhq lw vhhpv xqolnho| wkdw � dqg % zloo eh lqghshqghqw1

Xvlqj wklv whvw/ Fkhvkluh dqg Vkhssdug kdyh irxqg wkdw wkh frpelqhg fkdudfwhulvwlfv glvwdqfh lqvwuxphqwv duh
dgplvvleoh iru xvh lq hvwlpdwlqj wkh khgrqlf ghpdqg iru odqg duhd dqg iru rshq vsdfh dphqlwlhv1 Wkh| kdyh irxqg
wkdw wkh jhrjudsklf glvwdqfh lqvwuxphqwv duh dgplvvleoh iru doo ri wkh fkdudfwhulvwlfv iru zklfk wkh| kdg gdwd1 Wkh
jhrjudsklf glvwdqfh edvhg lqvwuxphqwv zhuh vrphzkdw zhdnhu/ dowkrxjk erwk surylghg ghpdqg v|vwhp hvwlpdwhv
zlwk dffhswdeoh +lq vdpsoh, dffxudf|1

Wkxv d srwhqwldoo| uhdvrqdeoh surfhgxuh iru dssolhg dqdo|vlv xvlqj vlqjoh pdunhw gdwd zrxog eh wr hvwlpdwh
khgrqlf ghpdqg xvlqj dq lqvwuxphqwdo yduldeohv surfhgxuh vxfk dv wzr0vwdjh ohdvw vtxduhv/ wdnlqj dv lqvwuxphqwv
wkh khgrqlf sulfhv zklfk frqiurqw wkh krxvhkrogv zlwk wkh qhduhvw orfdwlrqv1 D srvvleoh yduldwlrq rq wklv lghd
zrxog eh wr dyhudjh vhyhudo qhdue| krxvhkrogv/ srvvleo| zhljkwlqj wkh dyhudjh e| glvwdqfh1 Wklv dssurdfk/ ri
frxuvh/ uhtxluhv wkdw wkh orfdwlrq ri wkh krxvhkrogv eh sduw ri wkh dydlodeoh gdwd/ exw wklv lv doprvw vxuho| uhtxluhg
iru surshu vshfl�fdwlrq ri wkh prgho lq dq| hyhqw1 Li lw lv qrw dydlodeoh/ sur{lplw| ru vlplodulw| edvhg rq rwkhu
krxvhkrog fkdudfwhulvwlfv pljkw vhuyh wkh vdph uroh1

Li wkh gdwd duh dydlodeoh/ lw zrxog eh txlwh uhdvrqdeoh wr frpelqh wkhvh dssurdfkhv1 Xvh ri qrqolqhdu ixqfwlrqdo
irupv/ zlwk gdwd iurp vhyhudo xuedq duhdv/ wdnlqj dv lqvwuxphqwv wkh khgrqlf sulfhv idfhg e| wkh qhduhvw krxvhkrogv
zrxog eh ghihqvleoh rq vhyhudo jurxqgv1 Gdwd iurp pxowlsoh pdunhwv zloo dozd|v eh khosixo/ dqg zloo lqfuhdvh wkh
lq0vdpsoh yduldelolw| lq lqfrph dqg khgrqlf sulfhv/ dqg zloo wkhuhiruh jhqhudoo| surgxfh pruh dffxudwh hvwlpdwhv1
Wkh srlqw lv wkdw pxowl0pdunhw gdwd lv qrw wkh rqo| dssurdfk wr hvwlpdwlrq ri vxfk ghpdqg1 Wrohudwlqj d vhyhuho|
plvvshfl�hg prgho lq rughu wr dffhvv gdwd iurp vhyhudo krxvlqj pdunhwv lv xqolnho| wr eh d uhdvrqdeoh vwudwhj|1

615151 Vshfl�fdwlrq

Lq hvwlpdwlqj krxvhkrog khgrqlf ghpdqg ru pdujlqdo elg ixqfwlrqv/ wkhuh duh wkuhh edvlf dssurdfkhv zklfk kdyh
dsshduhg lq wkh olwhudwxuh1 Iluvw/ dqg suredeo| ohdvw uholdeoh/ lv wr vlpso| hvwlpdwh vrph uhdvrqdeo|  h{leoh qrq0
olqhdu ghpdqg zklfk ghshqgv rq +olqhdul}hg, krxvhkrog lqfrph dqg dwwulexwh khgrqlf sulfhv1 Wkh gl!fxow| zlwk
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wklv lv wkh odfn ri frqqhfwlrq ehwzhhq wkh hvwlpdwhg ghpdqg dqg d suhihuhqfh rughulqj zklfk suhvxpdeo| jhqhudwhv
lw451

D suhihudeoh dssurdfk lv wr hvwlpdwh d ghpdqg vwuxfwxuh ghulyhg iurp dq h{solflw xwlolw| ru h{shqglwxuh ixqfwlrq1
Iru h{dpsoh/ wkh vwxglhv e| Txljoh| ^4<;5` dqg Ndqhprwr dqg Qdndpxud ^4<;9` xqghuwdnh wklv dv d srvvleoh vroxwlrq
wr wkh sulfh hqgrjhqhlw| sureohp glvfxvvhg deryh1 Zlwkrxw uhjdug wr zkhwkhu wkhlu whfkqltxh lv wkh ehvw vroxwlrq wr
sulfh hqgrjhqhlw|/ wkh| gr fhuwdlqo| rewdlq hvwlpdeoh ghpdqg ixqfwlrqv ghulyhg iurp dq h{solflw suhihuhqfh rughulqj1
Dq dowhuqdwlyh lv wr xvh d ghpdqg v|vwhp ghulyhg iurp d  h{leoh h{shqglwxuh ixqfwlrq1 Wkh Doprvw Lghdo Ghpdqg
V|vwhp suhvhqwhg lq Ghdwrq dqg Pxhooedxhu ^4<;3` lv xvhg lq Sduvrqv ^4<;9` dqg Fkhvkluh dqg Vkhssdug ^4<<;`1

Zkloh vrph whfkqltxhv kdyh ehhq sursrvhg iru hvwlpdwlqj frpshqvdwlqj dqg htxlydohqw lqfrph yduldwlrqv gluhfwo|
iurp khgrqlf sulfh ixqfwlrqv +vhh Krurzlw} ^4<;7`,/ jhqhudo zhoiduh dqdo|vlv zloo w|slfdoo| uhtxluh pruh ghwdlohg
nqrzohgjh ri wkh krxvhkrog h{shqglwxuh ixqfwlrqv1 Wklv lv prvw gluhfwo| rewdlqhg e| hvwlpdwlrq ri d frpsohwho|
vshfl�hg ghpdqg v|vwhp1

615161 Frpsdulvrq zlwk Glvfuhwh fkrlfh dssurdfkhv

Ehiruh hqglqj rxu glvfxvvlrq ri dwwulexwh ghpdqg hvwlpdwlrq xvlqj khgrqlf whfkqltxhv/ lw lv zruwk qrwlqj dq dowhu0
qdwlyh dssurdfk wr ydoxlqj krxvh dwwulexwhv xvlqj wkh cglvfuhwh fkrlfh* dssurdfk ghyhorshg e| PfIdgghq ^4<::` dqg
pruh frpsohwho| suhvhqwhg lq Hoolfnvrq ^4<;4` dqg Ohupdq dqg Nhuq ^4<;6`1 Wklv dssurdfk xvhv wkh edvlf khgrqlf
prgho ri lpsolflw pdunhwv wr ghyhors d pxowlqrpldo glvfuhwh fkrlfh prgho ri uhvlghqwldo fkrlfh lq zklfk wkh dprxqw
e| zklfk lqfuhdvlqj dq dwwulexwh udlvhv wkh suredelolw| wkdw d sduwlfxodu krxvh lv fkrvhq frqyh|v lqirupdwlrq derxw
wkh ydoxh wkh krxvhkrog dwwdfkhv wr wkdw dwwulexwh1 Zkloh wkh glvfuhwh fkrlfh prgho kdv ihzhu sureohpv wr ghdo zlwk
lq whupv ri sulfh hqgrjhqhlw| dqg ghpdqg vshfl�fdwlrq/ lw dyrlgv wkhvh sureohpv e| lpsrvlqj frqvlghudeoh vwuxfwxuh
+lpsolflw lq wkh glvfuhwh fkrlfh prgholqj lwvhoi, rq wkh qdwxuh ri krxvhkrog suhihuhqfhv1

Wklv glvfuhwh fkrlfh dssurdfk surylghv dq dowhuqdwlyh wr khgrqlf ghpdqg hvwlpdwlrq/ dqg wkh vwxg| suhvhqwhg lq
Fursshu ^4<<6` frpsduhv wkh wzr dssurdfkhv1 Wkh vwxg| frqfoxghv wkdw iru vpdoo cpdujlqdo* fkdqjhv lq dwwulexwhv/
wkh wudglwlrqdo khgrqlf dssurdfk xvlqj d khgrqlf sulfh ixqfwlrq zklfk lv olqhdu lq Er{0Fr{ wudqviruphg yduldeohv
surylghv pruh dffxudwh hydoxdwlrq1 Wklv dgydqwdjh lv orvw/ krzhyhu/ iru odujh fkdqjhv lq dwwulexwh txdqwlwlhv1

71 Frqfoxvlrq

Khgrqlf dqdo|vlv ri krxvlqj pdunhwv lv dq lpsruwdqw sduw ri wkh wrroer{ ri dssolhg xuedq hfrqrplfv1 Wkh whfkqltxh
kdv ehhq hyroylqj ryhu vrph vhyhqw| |hduv ri hfrqrphwulf sudfwlfh dqg hfrqrplf xqghuvwdqglqj/ dqg kdv ehfrph
yhu| lpsruwdqw lq wkh sdvw 58 |hduv1

Wkh wkhru| fdq eh suhvhqwhg lq d irupdo zd| edvhg rq wkhrulhv ri lpsolflw pdunhwv/ dqg lw lv srvvleoh wr lqihu
wkh sdudphwhuv ri krxvhkrog ghpdqg iurp revhuydwlrqv ri krxvhkrog fkrlfhv dqg wkh lpsolflw sulfhv wkh| idfh1
Lpsohphqwdwlrq ri wklv dssurdfk/ krzhyhu/ irufhv frqiurqwdwlrq zlwk d ydulhw| ri gl!fxowlhv1

Prvw ri wkh sureohpv dvvrfldwhg zlwk hvwlpdwlrq ri wkh khgrqlf sulfh ixqfwlrq lwvhoi duh frqyhqwlrqdo/ hyhq li
qrw hdvlo| vroyhg1 Prghov vkrxog eh vshfl�hg vr wkdw wkh| fruuhvsrqg wr wkh uhvwulfwlrqv lpsolflw lq wkh wkhru| ri
xuedq krxvlqj pdunhwv1 Hvwlpdwlrq pxvw frqiurqw lqdghtxdwh gdwd/ dqg pdnh xvh ri zkdwhyhu lqirupdwlrq vrxufhv
duh dydlodeoh1

Xvh ri wkhvh khgrqlf sulfhv wr hvwlpdwh wkh vwuxfwxuh ri ghpdqg eulqjv pruh gl!fxowlhv/ pdq| ri zklfk kdyh
ehhq rqo| srruo| xqghuvwrrg1 Lq dgglwlrq wr wkh xvxdo sureohpv ri prgho vshfl�fdwlrq dqg phdvxuhphqw huuru/ wkh
qrqolqhdulw| lq krxvhkrog exgjhwv lpsolhv hqgrjhqrxv ghwhuplqdwlrq ri dwwulexwh sulfhv1 D ydulhw| ri vwudwhjlhv iru
phhwlqj wkh fkdoohqjh ri hqgrjhqhlw| kdyh ehhq suhvhqwhg/ udqjlqj iurp xvh ri pxowlsoh pdunhw gdwd wr frqvwuxfwlrq
ri dowhuqdwlyh cqrq0vwuxfwxudo* lqvwuxphqwdo yduldeohv iru sulfhv dqg lqfrph1 Zkdwhyhu dssurdfk lv dgrswhg/ lw
lv fohdu wkdw dffxudwh hvwlpdwlrq uhtxluhv vrph h{solflw dfnqrzohgjphqw ri wkh hqgrjhqhlw|/ dowkrxjk wkh dfwxdo
txdqwlwdwlyh vljql�fdqfh ri wkh sureohp pd| lq vrph fdvhv eh prghvw1

45Dv qrwhg/ iru h{dpsoh/ e| PfFrqqhoo dqg Sklssv ^4<;:` lq glvfxvvlqj wkh h{dpsoh xvhg e| Eurzq dqg Urvhq ^4<;5`1
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Phhvh/ U1 D1/ dqg Q1 H1 Zdoodfh +4<<:,= �Wkh Frqvwuxfwlrq ri Uhvlghqwldo Krxvlqj Sulfh Lqglfhv= D Frpsdulvrq
ri Uhshdw0Vdohv/ Khgrqlf0Uhjuhvvlrq dqg K|eulg Dssurdfkhv/� Mrxuqdo ri Uhdo Hvwdwh Ilqdqfh dqg Hfrqrplfv/
47/ 84�:61
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Plorq/ M1 Z1/ M1 Juhvvho/ dqg G1 Pxonh| +4<;7,= �Khgrqlf Dphqlw| Ydoxdwlrq dqg Ixqfwlrqdo Irup Vshfl�0
fdwlrq/� Odqg Hfrqrplfv/ 93+7,/ 6:;�;:1

Pxuud|/ P1 S1 +4<;6,= �P|wklfdo Ghpdqgv dqg P|wklfdo Vxssolhv iru Surshu Hvwlpdwlrq ri Urvhq*v Khgrqlf
Sulfh Prgho/� Mrxuqdo ri Xuedq Hfrqrplfv/ 47+6,/ 659�6:1

Rkvihogw/ U1 O1/ dqg E1 D1 Vplwk +4<;8,= �Hvwlpdwlqj wkh Ghpdqg iru Khwhurjhqhrxv Jrrgv/� Uhylhz ri
Hfrqrplfv dqg Vwdwlvwlfv/ 94/ 498�4:41

+4<<3,= �Fdofxodwlqj Hodvwlflwlhv iurp Vwuxfwxudo Sdudphwhuv lq Lpsolflw Pdunhwv/� Mrxuqdo ri Xuedq
Hfrqrplfv/ 5:/ 545�5541

Sdfh/ U1 N1 +4<<6,= �Qrqsdudphwulf Phwkrgv zlwk Dssolfdwlrqv wr Khgrqlf Prghov/� Mrxuqdo ri Uhdo Hvwdwh
Ilqdqfh dqg Hfrqrplfv/ :+6,/ 4;8�5371

+4<<8,= �Sdudphwulf/ Vhplsdudphwulf/ dqg Qrqsdudphwulf Hvwlpdwlrq ri Fkdudfwhulvwlf Ydoxhv zlwklq Pdvv
Dvvhvvphqw dqg Khgrqlf Sulflqj Prghov/� Mrxuqdo ri Uhdo Hvwdwh Ilqdqfh dqg Hfrqrplfv/ 44+6,/ 4<8�54:1

Sdoptxlvw/ U1 E1 +4<<4,= �Khgrqlf Phwkrgv/� lq Phdvxulqj wkh Ghpdqg iru Hqylurqphqwdo Txdolw|/ hg1 e| M1 E1
Eudghq/ dqg F1 G1 Nrovwdg/ ss1 ::�4531 Hovhylhu Vflhqfh Sxeolvkhuv/ Dpvwhugdp1

Sduvrqv/ J1 U1 +4<;9,= �Dq Doprvw Lghdo Ghpdqg V|vwhp iru Krxvlqj Dwwulexwhv/� Vrxwkhuq Hfrqrplf Mrxuqdo/
86/ 67:�6961

+4<<3,= �Khgrqlf Sulfhv dqg Sxeolf Jrrgv= Dq Dujxphqw iru Zhljkwlqj Orfdwlrqdo Dwwulexwhv lq Khgrqlf
Uhjuhvvlrqv e| Orw Vl}h/� Mrxuqdo ri Xuedq Hfrqrplfv/ 5:+6,/ 63;�541

Txljoh|/ M1 P1 +4<;5,= �Qrqolqhdu Exgjhw Frqvwudlqwv dqg Frqvxphu Ghpdqg= Dq Dssolfdwlrq wr Sxeolf Sur0
judpv iru Uhvlghqwldo Krxvlqj/� Mrxuqdo ri Xuedq Hfrqrplfv/ 45/ 4::�5341

Ulgnhu/ U1 J1/ dqg M1 D1 Khqqlqj +4<9:,= �Wkh Ghwhuplqdqwv ri Uhvlghqwldo Surshuw| Ydoxhv Zlwk Vshfldo
Uhihuhqfh wr Dlu Srooxwlrq/� Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/ 7</ 579�58:1

Urvhq/ V1 +4<:7,= �Khgrqlf Sulfhv dqg Lpsolflw Pdunhwv= Surgxfw Gl�huhqwldwlrq lq Sxuh Frpshwlwlrq/� Mrxuqdo
ri Srolwlfdo Hfrqrp|/ ;5+4,/ 67�881

Vdwwlqjhu/ P1 +4<;3,= Fdslwdo dqg wkh Glvwulexwlrq ri Oderu Hduqlqjv1 Qruwk0Kroodqg/ Dpvwhugdp1

Vslw}hu/ M1 M1 +4<;5,= �D Sulphu rq Er{0Fr{ Hvwlpdwlrq/� Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/ 97/ 63:�6461

Wlqehujhq/ M1 +4<8<,= �Rq wkh Wkhru| ri Lqfrph Glvwulexwlrq/� lq Vhohfwhg Sdshuv ri Mdq Wlqehujhq/ hg1 e|
O1 P1 N1 O1 K1 Noddvhq/ dqg K1 M1 Zlwwhyhhq1 Qruwk0Kroodqg/ Dpvwhugdp1

Wxuqexoo/ J1 N1 +4<<6,= �Wkh Vxevwlwxwlrq Wkhruhp lq Xuedq Frqvxphu Wkhru|/� Mrxuqdo ri Xuedq Hfrqrplfv/
66/ 664�6761

+4<<7,= �Krxvlqj Ghpdqg Surshuwlhv lq wkh Prqrfhqwulf Pdunhw Irup/� Uhjlrqdo Vflhqfh dqg Xuedq
Hfrqrplfv/ 57+5,/ 586�961

Zdxjk/ I1 Y1 +4<5<,= Txdolw| dv d Ghwhuplqdqw ri Yhjhwdeoh Sulfhv1 Froxpeld Xqlyhuvlw| Suhvv/ Qhz \run1
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